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UNIVERSAL DEFORMATION RINGS OF MODULES OVER FROBENIUS
ALGEBRAS
FRAUKE M. BLEHER AND JOSE´ A. VE´LEZ-MARULANDA
Abstract. Let k be a field, and let Λ be a finite dimensional k-algebra. We prove that if Λ is a
self-injective algebra, then every finitely generated Λ-module V whose stable endomorphism ring
is isomorphic to k has a universal deformation ring R(Λ, V ) which is a complete local commutative
Noetherian k-algebra with residue field k. If Λ is also a Frobenius algebra, we show that R(Λ, V )
is stable under taking syzygies. We investigate a particular Frobenius algebra Λ0 of dihedral type,
as introduced by Erdmann, and we determine R(Λ0, V ) for every finitely generated Λ0-module V
whose stable endomorphism ring is isomorphic to k.
1. Introduction
Let k be a field of arbitrary characteristic, and let W be a complete local commutative Noe-
therian ring with residue field k. Suppose G is a profinite group and V is a finite dimensional
k-vector space with a continuous G-action. If the G-endomorphism ring of V is isomorphic to k and
H1(G,Endk(V )) is finite dimensional over k, then V has a universal deformation ring RW (G, V )
(see e.g. [11, 17]). The ring RW (G, V ) is a complete local commutative Noetherian W -algebra with
residue field k which is universal with respect to isomorphism classes of lifts (i.e. deformations) of
V over such W -algebras. Universal deformation rings have become an important tool in number
theory, in particular if G is a profinite Galois group (see e.g. [6, 9] and their references). It was
shown in [11] that the universal deformation ring RW (G, V ) is isomorphic to the inverse limit of the
universal deformation rings RW (Gi, V ) where the Gi range over the (discrete) finite quotients of G
through which the action of G on V factors. Thus an important case to consider with respect to
deformation rings is when G itself is a finite group, i.e. when kG is a finite dimensional k-algebra.
In this paper, we consider the case when W = k and kG is replaced by a more general finite
dimensional k-algebra Λ. Deformations of modules for finite dimensional algebras have been studied
by many authors in different contexts (see e.g. [13, 16, 20] and their references). We focus on
deformations of modules for such algebras Λ that have properties close to those of group algebras of
finite groups. Moreover, our deformations are over arbitrary complete local commutative Noetherian
k-algebras with residue field k (see §2 for precise definitions).
Our main motivation to examine this case is as follows. Suppose G is a finite group and V
is a finitely generated kG-module. If the endomorphism ring of V is isomorphic to k, or more
generally if V is indecomposable, then V belongs to a unique block B of kG. Suppose Λ is a finite
dimensional k-algebra that is Morita equivalent to B and VΛ is the Λ-module that corresponds to V
under this Morita equivalence. For example, Λ can be taken to be the basic algebra of B. Then the
Morita equivalence provides a correspondence between the deformations of V and the deformations
of VΛ over all complete local commutative Noetherian k-algebras with residue field k, and thus
between the deformation rings Rk(G, V ) and R(Λ, VΛ) (for a precise statement, see Proposition
2.5). Hence this enables us to use methods from the representation theory of finite dimensional
algebras to study deformation rings of group representations. This approach has recently led to the
solution of various open problems. For example, this was successfully used in [2, 4, 5] to construct
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representations whose universal deformation ring is not a complete intersection, thus answering a
question posed by Flach [8] in characteristic 2.
Let now Λ be an arbitrary finite dimensional k-algebra and let V be a finitely generated Λ-
module. Using Schlessinger’s criteria [18], it follows that V always has a versal deformation ring
R(Λ, V ) which is a complete local commutative Noetherian k-algebra with residue field k and that
R(Λ, V ) is universal if the endomorphism ring of V is isomorphic to k. Under the assumption that
Λ is a Frobenius algebra, we obtain the following stronger result, which is proved in §2. For a more
precise statement, see Theorem 2.6.
Theorem 1.1. Let Λ be a Frobenius k-algebra and let V be a finitely generated Λ-module whose
stable endomorphism ring is isomorphic to k. Then the versal deformation ring R(Λ, V ) is universal.
Moreover, R(Λ, V ) is isomorphic to R(Λ, V ⊕ P ) for every finitely generated projective Λ-module
P , and R(Λ, V ) is isomorphic to R(Λ,Ω(V )) where Ω(V ) is the first syzygy of V .
Since group algebras of finite groups over k are in particular Frobenius algebras, this generalizes
[3, Prop. 2.1 and Cor. 2.5] which give the corresponding results for group algebras. The proof of
Theorem 1.1 follows the basic outline of the proofs in [3], but in several instances arguments that
are specific to group algebras have to be replaced by arguments that work for arbitrary Frobenius
algebras.
In §3, we assume that k is algebraically closed and we consider the particular Frobenius algebra
Λ0 = kQ/I where the quiverQ and the ideal I of the path algebra kQ are as in Figure 1. The algebra
Figure 1. The basic k-algebra Λ0 = kQ/I.
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Λ0 belongs to the class of algebras of dihedral type which were introduced by Erdmann in [12] to
classify all tame blocks of group algebras of finite groups with dihedral defect groups up to Morita
equivalence. However, the algebra Λ0 is not Morita equivalent to a block of a group algebra. Since
Λ0 is a special biserial algebra, all the non-projective indecomposable Λ0-modules can be described
combinatorially as so-called string and band modules (see [7] and §5). The components of the stable
Auslander-Reiten quiver Γs(Λ0) consisting of string modules are two 3-tubes and infinitely many
components of type ZA∞∞, whereas the components consisting of band modules are infinitely many
1-tubes. If M and N are two indecomposable Λ0-modules belonging to the same component of
Γs(Λ0), we say N is a successor of M if there is an irreducible homomorphism M → N .
A summary of our main results concerning Λ0 = kQ/I is as follows. The precise statements can
be found in Theorem 3.8, Propositions 3.9, 3.10, 3.11, Theorem 3.16 and Proposition 3.17.
Theorem 1.2. Let Λ0 = kQ/I be as in Figure 1, and suppose C is a component of the stable
Auslander-Reiten quiver Γs(Λ0).
(i) If C is one of the two 3-tubes, then Ω(C) is the other 3-tube. There are exactly three Ω2-
orbits of modules in C whose stable endomorphism ring is isomorphic to k. If U0 is a module
that belongs to the boundary of C, then these three Ω2-orbits are represented by U0, by a
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successor U1 of U0, and by a successor U2 of U1 that does not lie in the Ω
2-orbit of U0. The
universal deformation rings are
R(Λ0, U0) ∼= R(Λ0, U1) ∼= k, R(Λ0, U2) ∼= k[[t]].
(ii) There are infinitely many components of Γs(Λ0) of type ZA
∞
∞ that each contain a module
whose stable endomorphism ring is isomorphic to k. If C is such a component, then C = Ω(C)
and there are exactly six Ω2-orbits (resp. exactly three Ω-orbits) of modules in C whose stable
endomorphism ring is isomorphic to k. If V0 is a module in C of minimal length, then these
three Ω-orbits are represented by V0, by a successor V1 of V0 that does not lie in the Ω-orbit
of V0, and by a successor V2 of V1 that does not lie in the Ω
2-orbit of V0. The universal
deformation rings are
R(Λ0, V0) ∼= k[[t]]/(t
2), R(Λ0, V1) ∼= k, R(Λ0, V2) ∼= k[[t]].
(iii) There are infinitely many 1-tubes of Γs(Λ0) that each contain a module whose stable en-
domorphism ring is isomorphic to k. If C is such a component, then there is exactly one
Ω2-orbit of modules in C whose stable endomorphism ring is isomorphic to k, represented
by a module W0 belonging to the boundary of C. The universal deformation ring of W0 is
R(Λ0,W0) ∼= k[[t]].
Note that if M is a finitely generated Λ0-module whose stable endomorphism ring is isomorphic
to k, then M ∼= U ⊕ P where U is an indecomposable Λ0-module whose stable endomorphism ring
is isomorphic to k and P is a projective Λ0-module. Since by Theorem 1.1, R(Λ0,M) ∼= R(Λ0, U),
it follows that Theorem 1.2 describes the universal deformation ring for every finitely generated
Λ0-module whose stable endomorphism ring is isomorphic to k.
Theorem 1.2 shows significant differences between Λ0 and the blocks of group algebras with
dihedral defect groups and precisely three isomorphism classes of simple modules which were studied
in [1, 2]. Namely for these blocks, there are only finitely many components of the stable Auslander-
Reiten quiver containing modules whose stable endomorphism rings are isomorphic to k. Moreover,
none of the 1-tubes contain such modules.
The proof of Theorem 1.2 uses the combinatorial description of the indecomposable Λ0-modules
and of the components of the stable Auslander-Reiten quiver of Λ0. To characterize the infinitely
many components in parts (ii) and (iii) of Theorem 1.2, we introduce special words that start and
end at the vertex 0 of the quiver Q and which we call words of type 0 (see Definition 3.2). Using an
inductive process, we provide a precise description of the modules V0 from part (ii) (see Theorem
3.8 and Proposition 4.3) and of the modules W0 from part (iii) (see Theorem 3.16 and Proposition
4.4).
Part of this paper constitutes the Ph.D. thesis of the second author under the supervision of the
first author [19].
2. Versal and universal deformation rings
Let k be a field of arbitrary characteristic. Let Cˆ be the category of all complete local commu-
tative Noetherian k-algebras with residue field k. The morphisms in Cˆ are continuous k-algebra
homomorphisms which induce the identity map on k. Let C be the full subcategory of Cˆ of Artinian
objects.
Suppose Λ is a finite dimensional k-algebra and V is a finitely generated Λ-module. A lift of
V over an object R in Cˆ is a finitely generated R ⊗k Λ-module M which is free over R together
with a Λ-module isomorphism φ : k ⊗R M → V . Two lifts (M,φ) and (M
′, φ′) of V over R are
isomorphic if there exists an R⊗k Λ-module isomorphism f :M →M
′ such that φ′ ◦ (k⊗R f) = φ.
The isomorphism class of a lift (M,φ) of V over R is denoted by [M,φ] and called a deformation
of V over R. We denote the set of all such deformations over R by DefΛ(V,R). The deformation
functor FˆV : Cˆ → Sets is defined to be the following covariant functor. Let R be an object in Cˆ and
α : R→ R′ a morphism in Cˆ. Then FˆV (R) = DefΛ(V,R) and FˆV (α) : DefΛ(V,R)→ DefΛ(V,R
′) is
4 FRAUKE M. BLEHER AND JOSE´ A. VE´LEZ-MARULANDA
defined by FˆV (α)([M,φ]) = [R
′ ⊗R,αM,φα] where φα : k⊗R′ (R
′ ⊗R,αM)→ V is the composition
k ⊗R′ (R
′ ⊗R,α M) ∼= k ⊗R M
φ
−→ V of Λ-modules. Let FV : C → Sets be the restriction of FˆV
to the subcategory C of Artinian objects. Let k[ǫ], where ǫ2 = 0, denote the ring of dual numbers
over k. The tangent space of FˆV and of FV is defined to be the set tV = FV (k[ǫ]). We say that a
functor D : Cˆ → Sets is continuous, if for all objects R in Cˆ whose maximal ideal is mR we have
D(R) = lim
←−
i
D(R/miR).
Using Schlessinger’s criteria [18, Thm. 2.11], it is straightforward to prove the following result:
Proposition 2.1. The functor FV has a pro-representable hull R(Λ, V ) ∈ Ob(Cˆ), as defined in
[18, Def. 2.7], and the functor FˆV is continuous. Moreover, there is a k-vector space isomorphism
tV ∼= Ext
1
Λ(V, V ). If EndΛ(V ) = k, then FˆV is represented by R(Λ, V ).
Remark 2.2. (i) The first sentence of Proposition 2.1 means that there exists a deformation
[U(Λ, V ), φU ] of V over R(Λ, V ) with the following property. For each R ∈ Ob(Cˆ), the map
υR : HomCˆ(R(Λ, V ), R) → FˆV (R) given by α 7→ FˆV (α)([U(Λ, V ), φU ]) is surjective, and
this map is bijective if R is the ring of dual numbers k[ǫ].
If FˆV is represented by R(Λ, V ), in the sense that FˆV is naturally isomorphic to the
functor HomΛ(R(Λ, V ),−), then the above map υR is bijective for all R ∈ Ob(Cˆ).
(ii) The isomorphism tV ∼= Ext
1
Λ(V, V ) is established in the same manner as in [17, §22]. Namely,
given a lift (M,φ) of V over k[ǫ], we have Λ-module isomorphisms ǫ ·M ∼= V and M/ǫ ·M ∼=
V . Thus we obtain a short exact sequence of Λ-modules EM : 0→ V →M → V → 0. The
map s : tV → Ext
1
Λ(V, V ) which sends [M,φ] to the class [EM ] in Ext
1
Λ(V, V ) is well-defined.
It is straightforward to see that s is a k-vector space homomorphism. On the other hand,
given an extension E : 0 → V
u1−→ V1
u2−→ V → 0 of Λ-modules, we can define a k[ǫ]-
module structure on V1 by letting ǫ act as u1 ◦ u2. Thus there is a Λ-module isomorphism
ψ : V1/ǫV1 → V , and (V1, ψ) is a lift of V over k[ǫ]. Sending [E ] to [V1, ψ] defines the inverse
of s.
Definition 2.3. Using the notation from Proposition 2.1 and Remark 2.2(i), the ring R(Λ, V ) is
called the versal deformation ring of V and [U(Λ, V ), φU ] is called the versal deformation of V . In
general, the isomorphism type of R(Λ, V ) is unique up to a (non-canonical) isomorphism.
If R(Λ, V ) represents FˆV , then R(Λ, V ) is called the universal deformation ring of V and
[U(Λ, V ), φU ] is called the universal deformation of V . In this case, R(Λ, V ) is unique up to a
canonical isomorphism.
Remark 2.4. Note that some authors consider a weaker notion of deformations. Namely, let Λ and
V be as above, let R be an object in Cˆ and let (M,φ) be a lift of V over R. Then the isomorphism
class [M ] of M as an R ⊗k Λ-module is called a weak deformation of V over R (see e.g. [14,
§5.2]). We can also define the weak deformation functor FˆwV : Cˆ → Sets which sends an object R
in Cˆ to the set of weak deformations of V over R and a morphism α : R → R′ in Cˆ to the map
FˆwV (α) : Fˆ
w
V (R)→ Fˆ
w
V (R
′) which is defined by FˆwV (α)([M ]) = [R
′ ⊗R,α M ].
In general, a weak deformation of V over R identifies more lifts than a deformation of V over R
that respects the isomorphism φ of a representative (M,φ). However, if Λ is self-injective and the
stable endomorphism ring EndΛ(V ) is isomorphic to k, then the two deformation functors FˆV and
FˆwV are naturally isomorphic (see Theorem 2.6(i)).
We now prove that Morita equivalences preserve versal deformation rings. Recall that two finitely
generated k-algebras Λ and Λ′ are said to be Morita equivalent if they have equivalent module
categories. By the Morita theorems (see for example [10, §3D]), Λ and Λ′ are Morita equivalent if
and only if there exist a Λ′-Λ-bimodule P and a Λ-Λ′-bimodule Q such that P and Q are finitely
generated projective both as left and as right modules and Q ⊗Λ′ P ∼= Λ as Λ-Λ-bimodules and
P⊗ΛQ ∼= Λ
′ as Λ′-Λ′-bimodules. In this situation, we say that P and Q induce a Morita equivalence
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between Λ and Λ′. Note that if P and Q are such bimodules, then P⊗Λ− and Q⊗Λ′− give mutually
inverse equivalences between the module categories of Λ and Λ′.
Proposition 2.5. Let Λ and Λ′ be finitely generated k-algebras. Suppose that P is a Λ′-Λ-bimodule
and Q is a Λ-Λ′-bimodule which induce a Morita equivalence between Λ and Λ′. Let V be a finitely
generated Λ-module, and define V ′ = P ⊗Λ V . Then the versal deformation rings R(Λ, V ) and
R(Λ′, V ′) are isomorphic in Cˆ.
Proof. Suppose R ∈ Ob(C) is Artinian, and define RΛ = R ⊗k Λ and RΛ
′ = R ⊗k Λ
′. Then
PR = R ⊗k P is finitely generated projective as a left RΛ
′-module and as a right RΛ-module, and
QR = R ⊗k Q is finitely generated projective as a left RΛ-module and as a right RΛ
′-module. We
have
PR ⊗RΛ QR ∼= R⊗k (P ⊗Λ Q) ∼= RΛ as RΛ-RΛ-bimodules
and
QR ⊗RΛ′ PR ∼= R ⊗k (Q ⊗Λ′ P ) ∼= RΛ
′ as RΛ′-RΛ′-bimodules.
In particular, PR ⊗RΛ − and QR ⊗RΛ′ − give mutually inverse equivalences between the module
categories of RΛ and RΛ′.
Let now (M,φ) be a lift of V over R. Then M is a finitely generated RΛ-module. Define
M ′ = PR ⊗RΛ M . Since PR is a finitely generated projective right RΛ-module and since M is a
finitely generated free R-module, it follows that M ′ is a finitely generated projective, and hence
free, R-module. Moreover,
(2.1) k ⊗R M
′ = k ⊗R (PR ⊗RΛ M) = P ⊗Λ (k ⊗R M)
P⊗Λφ
−−−−→ P ⊗Λ V = V
′.
This means that (M ′, φ′) = (PR ⊗RΛ M,P ⊗Λ φ) is a lift of V
′ over R. We therefore obtain for all
R ∈ Ob(C) a well-defined map
τR : DefΛ(V,R)→ DefΛ′(V
′, R).
Since PR ⊗RΛ − and QR ⊗RΛ′ − give mutually inverse equivalences between the module categories
of RΛ and RΛ′, it follows that τR is bijective. It is straightforward to check that τR is natural
with respect to homomorphisms α : R → R′ in C. Since the deformation functors FˆV and FˆV ′
are continuous, this implies that they are naturally isomorphic. Hence the versal deformation rings
R(Λ, V ) and R(Λ′, V ′) are isomorphic in Cˆ. 
In [3], it was proved that if Λ is the group algebra kG of a finite group G, then a finitely generated
Λ-module V has a universal deformation ring if the stable endomorphism ring EndΛ(V ) is isomorphic
to k. Moreover, in this case R(Λ, V ) ∼= R(Λ,Ω(V )), where Ω(V ) is the first syzygy of V , i.e. Ω(V )
is the kernel of a projective cover PV → V . We want to generalize this result to arbitrary Frobenius
algebras. Recall that a finite dimensional k-algebra Λ is a Frobenius algebra if and only if there
exists a non-degenerate associative bilinear form θ : Λ×Λ→ k. This is equivalent to the statement
that the right Λ-modules ΛΛ and (ΛΛ)
∗ = Homk(ΛΛ, k) are isomorphic. In particular, the group
algebra kG is a Frobenius algebra. By [10, Prop. 9.9], every Frobenius algebra is self-injective.
Theorem 2.6. Let Λ be a finite dimensional self-injective k-algebra, and suppose V is a finitely
generated Λ-module whose stable endomorphism ring EndΛ(V ) is isomorphic to k.
(i) The deformation functor FˆV is naturally isomorphic to the weak deformation functor Fˆ
w
V
from Remark 2.4.
(ii) The module V has a universal deformation ring R(Λ, V ).
(iii) If P is a finitely generated projective Λ-module, then EndΛ(V ⊕ P )
∼= k and R(Λ, V ) ∼=
R(Λ, V ⊕ P ).
(iv) If Λ is also a Frobenius algebra, then EndΛ(Ω(V ))
∼= k and R(Λ, V ) ∼= R(Λ,Ω(V )).
Proof. Suppose EndΛ(V )
∼= k. Then EndΛ(V ⊕ P )
∼= k for every finitely generated projective
Λ-module P . Since Λ is self-injective, Ω induces a self-equivalence of the stable module category
Λ-mod. Hence also EndΛ(Ω(V ))
∼= k.
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We want to follow the basic outline of the proofs of [3, Lemma 2.3 and Props. 2.4 and 2.6].
Because the functor FˆV (resp. Fˆ
w
V ) is continuous, most of the arguments can be carried out for
the restriction FV (resp. F
w
V ) of FˆV (resp. Fˆ
w
V ) to the subcategory C of Cˆ of Artinian objects. If
R ∈ Ob(C) is Artinian, we define RΛ = R⊗k Λ.
Let π : R → R0 be a surjection in C, and let Q0 be a finitely generated projective R0Λ-module.
Since RΛ is Artinian, Q0 has a projective RΛ-module cover ProjR(Q0), which is unique up to
isomorphism. In particular, R0 ⊗R,π ProjR(Q0)
∼= Q0 as R0Λ-modules. We first show in Claims 1
and 2 below that certain homomorphisms between R0Λ-modules which factor through projective
modules can be lifted to RΛ-module homomorphisms. Since R,R0 are Artinian, we can use an
inductive argument, assuming that π : R → R0 is a small extension, i.e. the kernel of π is a
principal ideal tR annihilated by the maximal ideal mR of R.
Claim 1. Let π : R → R0 be a surjection in C. Let M , Q (resp. M0, Q0) be finitely generated
RΛ-modules (resp. R0Λ-modules) and assume that Q (resp. Q0) is projective. Suppose there are
R0Λ-module isomorphisms g : R0 ⊗R,π M → M0, h : R0 ⊗R,π Q → Q0. If ν0 ∈ HomR0Λ(M0, Q0),
then there exists ν ∈ HomRΛ(M,Q) with ν0 = h ◦ (R0 ⊗R,π ν) ◦ g
−1.
Proof of Claim 1. As noted in the paragraph before the statement of Claim 1, we can assume that
π : R→ R0 is a small extension whose kernel is tR. Tensoring 0→ tR→ R
π
−→ R0 → 0 with Q over
R, we obtain a short exact sequence of RΛ-modules
(2.2) 0→ tQ→ Q
h◦τQ
−−−→ Q0 → 0
where τQ : Q→ R0 ⊗R,π Q is the natural surjection. Applying HomRΛ(M,−) to (2.2), we obtain a
long exact sequence
(2.3) · · · → HomRΛ(M,Q)
(h◦τQ)∗
−−−−−→ HomRΛ(M,Q0)→ Ext
1
RΛ(M, tQ)→ · · ·
Because tQ ∼= k ⊗R Q is a finitely generated projective Λ-module, and hence an injective Λ-
module, it follows that Ext1RΛ(M, tQ)
∼= Ext1Λ(k ⊗R M, tQ) = 0. Thus the map (h ◦ τQ)∗ in
(2.3) is surjective. Since the natural surjection τM : M → R0 ⊗R,π M induces an isomorphism
HomR0Λ(M0, Q0)
(g◦τM )
∗
−−−−−→ HomRΛ(M,Q0), this implies that there exists an RΛ-module homomor-
phism ν :M → Q such that ν0 = h ◦ (R0 ⊗R,π ν) ◦ g
−1. This proves Claim 1.
As noted in the paragraph before Claim 1, finitely generated projective R0Λ-modules can be
lifted to finitely generated projective RΛ-modules. We can use this together with Claim 1 to prove
the following result.
Claim 2. Let π : R→ R0 be a surjection in C. LetM (resp. M0) be a finitely generated RΛ-module
(resp. R0Λ-module) such that there is an R0Λ-module isomorphism g : R0⊗R,πM →M0. Suppose
σ0 ∈ EndΛ(M0) factors through a projective R0Λ-module. Then there exists σ ∈ EndRΛ(M) such
that σ factors through a projective RΛ-module and σ0 = g ◦ (R0 ⊗R,π σ) ◦ g
−1.
We next show in Claim 3 that if (M,φ) is a lift of V over an object R in C, then the deformation
[M,φ] does not depend on the particular choice of the Λ-module isomorphism. This implies part
(i) of Theorem 2.6 since FˆV and Fˆ
w
V are continuous. In other words, the deformation functor FˆV
can be identified with the deformation functor considered in [3].
Claim 3. Let R be an Artinian object in C, and let (M,φ) and (M ′, φ′) be two lifts of V over R.
If there is an RΛ-module isomorphism f : M →M ′, then there exists an RΛ-module isomorphism
f ′ :M →M ′ such that φ′ ◦ (k ⊗R f
′) = φ. In other words, [M,φ] = [M ′, φ′].
Proof of Claim 3. Let f
′′
= φ ◦ (k⊗R f)
−1 ◦ (φ′)−1 ∈ EndΛ(V ). Since EndΛ(V ) = k by assumption,
there exists a scalar sf ∈ k and a homomorphism σf ∈ EndΛ(V ) which factors through a projective
Λ-module such that f
′′
= sf · idV + σf . By Claim 2, there exists σf ∈ EndRΛ(M) which factors
through a projective RΛ-module such that σf = φ ◦ (k⊗R σf ) ◦φ
−1. Moreover, there exists sf ∈ R
such that k⊗R sf = sf . Let f
′′ = sf · idM +σf . Then k⊗R f
′′ = φ−1 ◦f
′′
◦φ is an automorphism of
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k⊗RM , which implies by Nakayama’s Lemma that f
′′ is an automorphism ofM . Define f ′ = f ◦f ′′.
Then φ′ ◦ (k ⊗R f
′) = φ, which proves Claim 3.
We can now use Claims 2 and 3 together with analogous arguments to the ones used in the proof
of [3, Lemma 2.3] to prove the following result.
Claim 4. If (M,φ) is a lift of V over an Artinian object R in C, then the ring homomorphism
σM : R→ EndRΛ(M) coming from the action of R on M via scalar multiplication is surjective.
We next prove part (ii) of Theorem 2.6. Because of Proposition 2.1, it suffices to verify Sch-
lessinger’s criterion (H4) in [18, Thm. 2.11], which is a consequence of the following result.
Claim 5. Let π : R′ → R be a small extension of Artinian objects in C. Then the natural map
FV (R
′ ×R R
′)→ FV (R
′)×FV (R) FV (R
′) is injective.
Proof of Claim 5. Let α1 : R
′×RR
′ → R′ (resp. α2 : R
′×RR
′ → R′) be the natural surjection onto
the first (resp. second) component of R′×RR
′ such that π ◦α1 = π ◦α2. Let (M1, φ1) and (M2, φ2)
be lifts of V over R′ ×R R
′. Suppose there are R′Λ-module isomorphisms fi : R
′ ⊗R′×RR′,αi M1 →
R′⊗R′×RR′,αiM2 for i = 1, 2. Then gR = (R⊗R′,πf2)
−1◦(R⊗R′,πf1) is anRΛ-module automorphism
of R⊗R′×RR′,π◦α2M1. By Claims 2 and 4, it follows that there exists an R
′Λ-module automorphism
g of R′⊗R′×RR′,α2M1 with R⊗R′,π g = gR. Replacing f2 by f2 ◦g, we have R⊗R′,π f1 = R⊗R′,π f2.
Therefore, the pair (f1, f2) defines an (R
′ ×R R
′)Λ-module isomorphism f : M1 → M2. By Claim
3, this implies that [M1, φ1] = [M2, φ2], which proves Claim 5.
For part (iii) of Theorem 2.6, we need the following result.
Claim 6. Suppose P is a finitely generated projective Λ-module and there is a commutative diagram
of finitely generated RΛ-modules
(2.4) 0 // ProjR(P )

α // T

β // C

// 0
0 // P
α // k ⊗R T
β // k ⊗R C // 0
in which T and C are free over R and the bottom row arises by tensoring the top row with k
over R and identifying P with k ⊗R ProjR(P ). Then the top row of (2.4) splits as a sequence of
RΛ-modules.
Proof of Claim 6. Since Λ is self-injective, P is an injective Λ-module. Thus there exists a Λ-
module homomorphism ω : k⊗R T → P with ω ◦ α = idP . By Claim 1, there exists an RΛ-module
homomorphism ω : T → ProjR(P ) such that k⊗R ω = ω. Hence k⊗R (ω ◦α) = ω ◦α = idP . Using
Nakayama’s Lemma, this implies that ω ◦ α is an RΛ-module automorphism of ProjR(P ). This
proves Claim 6.
Part (iii) of Theorem 2.6 follows now by using Claim 6 together with analogous arguments to
the ones used in the proofs of [3, Prop. 2.6 and Cor. 2.7].
For the proof of part (iv) of Theorem 2.6, we assume that Λ is a Frobenius algebra. We need the
following result.
Claim 7. Let R be an Artinian object in C, and let Q be a finitely generated projective left RΛ-
module. Then Q∗ = HomRΛ(Q,R) is a projective right RΛ-module.
Proof of Claim 7. Consider the additive map
R⊗k Homk(ΛΛ, k) → HomR(R⊗kΛ(R ⊗k Λ), R) = HomR(RΛ(RΛ), R)(2.5)
b⊗ f 7→ (a⊗ λ 7→ abf(λ)).
By [10, Thm. 2.38], (2.5) is an R-module isomorphism. It is straightforward to check that (2.5) is in
fact an isomorphism of right RΛ-modules. Since Λ is a Frobenius algebra, there is an isomorphism
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ΛΛ ∼= (ΛΛ)
∗ = Homk(ΛΛ, k) of right Λ-modules. Therefore,
(RΛ(RΛ))
∗ = HomR(RΛ(RΛ), R) ∼= R⊗k (ΛΛ)
∗ ∼= R⊗k (ΛΛ) ∼= (RΛ)RΛ
as right RΛ-modules. By assumption, Q is a finitely generated projective left RΛ-module. Hence
there exists a left RΛ-module T and an integer n such that Q ⊕ T ∼= (RΛ(RΛ))
n
. Since Q and T
are free over R, they are RΛ-lattices. Thus we have
Q∗ ⊕ T ∗ ∼= (Q⊕ T )
∗ ∼=
(
(RΛ(RΛ))
∗)n ∼= ((RΛ)RΛ)n .
Hence Q∗ is a projective right RΛ-module, which proves Claim 7.
Consider the short exact sequence 0 → Ω(V )
ϕ
−→ PV → V → 0 coming from the definition
of Ω(V ). Let (U,ψ) be a lift of Ω(V ) over an Artinian object R in C. Since ProjR(PV ) is a
projective RΛ-module with k ⊗R ProjR(PV )
∼= PV , we can use Claim 1 to lift ϕ to an RΛ-module
homomorphism ϕ : U → ProjR(PV ). Using this together with Claim 7, we can argue analogously
to the proofs of [3, Prop. 2.4 and Cor. 2.5] to prove part (iv) of Theorem 2.6.
This completes the proof of Theorem 2.6. 
3. A particular algebra of dihedral type
For the remainder of this article, let k be an algebraically closed field of arbitrary characteristic
and let Λ0 be the basic k-algebra Λ0 = kQ/I where Q and I are as in Figure 1. The algebra Λ0
is one of the algebras of dihedral type studied by Erdmann in [12]. In particular, Λ0 is symmetric,
and hence a Frobenius algebra. By [12, Lemma IX.5.4], Λ0 is not Morita equivalent to a block of a
group algebra. We denote the irreducible Λ0-modules by S0, S1 and S2, or, using shorthand, by 0,
1 and 2. The radical series of the projective indecomposable Λ0-modules can be described by the
following pictures:
(3.1) P0 =
0
0
1
2
0
, P1 =
1
1
2
0
1
, P2 =
2
2
0
1
2
.
Since Λ0 is a special biserial algebra, all indecomposable non-projective Λ0-modules are either
string or band modules (see [7]). We give an introduction to the representation theory of Λ0 in an
appendix in §5, where we introduce in particular words, strings, bands and canonical k-bases for
string and band modules. Moreover, we describe the components of the stable Auslander-Reiten
quiver using hooks and cohooks and give a description of the homomorphisms between string and
band modules as determined in [15].
Our goal in this section is to determine all string and band modules V for Λ0 whose stable
endomorphism rings are isomorphic to k and to compute their universal deformation rings R(Λ0, V ).
Because of the symmetries that both the quiver Q and the relations I satisfy, we will make use of
the following permutations of the vertices and arrows of Q.
Definition 3.1. (i) For u ∈ {0, 1, 2}, define νu to be the following permutation of the vertices
and arrows of Q:
ν0 = (1, 2)(ρ, ξ)(β, λ), ν1 = (0, 2)(α, ξ)(β, δ), and ν2 = (0, 1)(α, ρ)(λ, δ).
Note that ν0, ν1 and ν2 are not quiver automorphisms of Q. If S = w1w2 · · ·wn is a word
of length n ≥ 1 representing a string, let uS = e(S) and define
νuS (S) = νuS (w1)
−1νuS (w2)
−1 · · · νuS (wn)
−1.
(ii) Let θ be the quiver automorphism of Q which acts on the vertices and arrows of Q as the
permutation
θ = (0, 1, 2)(α, ρ, ξ)(β, δ, λ).
If S = w1w2 · · ·wn is a word of length n ≥ 1 representing a string, define
θ(S) = θ(w1)θ(w2) · · · θ(wn).
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The following words starting and ending at the vertex 0 will play a special role when discussing
both string and band modules.
Definition 3.2. (i) Define x = λξ−1δβα−1 and y = λδρ−1βα−1.
(ii) We say a word Z is a word of type 0 if Z = 10 or
Z = z0z1 · · · zn−1
where n ≥ 1 and z0, . . . , zn−1 ∈ {x, y}. We call n the type-0-length of Z, where n = 0
corresponds to Z = 10.
(iii) Let Z = z0z1 · · · zn−1 be a word of type 0. A subpattern U of Z is a subword of Z such
that either U = 10 or U = zizi+1 · · · zj for some 0 ≤ i ≤ j ≤ n − 1. The inverse pattern
U− of U is defined to be U− = 10 if U = 10 and U
− = zjzj−1 · · · zi if U = zizi+1 · · · zj for
some 0 ≤ i ≤ j ≤ n− 1.
(iv) Let Z = z0 · · · zn−1 be a word of type 0 of type-0-length n ≥ 1. For 0 ≤ i ≤ n−1, we define
the ith rotation of Z of type 0 to be
ρ
(0)
i (Z) = zizi+1 · · · zn−1z0 · · · zi−1.
Define ∼r,(0) to be the equivalence relation on all words of type 0 of type-0-length at least
1 such that Z ∼r,(0) Z
′ if and only if Z = ρ
(0)
i (Z
′) for some i.
3.1. Stable endomorphism rings and universal deformation rings of string modules for
Λ0. In this section, we describe all string modules M(S) for Λ0 whose stable endomorphism rings
are isomorphic to k and determine their universal deformation rings.
The following result is an easy consequence of [15] (see Remark 5.4) and the symmetric shapes
of the radical series of P0, P1 and P2 as given in (3.1).
Lemma 3.3. Let S = w1w2 · · ·wn be a word of length n ≥ 1 representing a string and let νuS (S)
be as in Definition 3.1(i). Then νuS (S) is a word representing a string. Moreover,
dimk EndΛ0(M(S)) = dimk EndΛ0(M(νuS (S))), and
dimk Ext
1
Λ0(M(S),M(S)) = dimk Ext
1
Λ0(M(νuS (S)),M(νuS (S))).
For the description of all the string modules whose stable endomorphism rings are isomorphic to
k, we need to introduce special strings, which we call strings of type βα−1λ and which are defined
using the words of type 0 introduced in Definition 3.2.
Definition 3.4. (i) We say a word S is the standard representative of a string of type βα−1λ
if
S = βα−1Z λ
where Z is a word of type 0, as defined in Definition 3.2(ii). A subword U of S is called
a subpattern of S if U is a subpattern of Z, as defined in Definition 3.2(iii). The inverse
pattern U− of U is also defined as in Definition 3.2(iii). We define S− = βα−1Z−λ.
(ii) Define Ξ to be the permutation Ξ = (x, y). Define Ξ(10) = 10. If Z = z0 · · · zn−1 is a
word of type 0 of type-0-length n ≥ 1, define Ξ(Z) = Ξ(z0) · · ·Ξ(zn−1). If S = βα
−1Zλ
is the standard representative of a string of type βα−1λ, define Ξ(S) = βα−1Ξ(Z)λ and
Ξ(S−) = βα−1Ξ(Z−)λ.
Remark 3.5. Let S be the standard representative of a string of type βα−1λ, and let S− and Ξ be as
in Definition 3.4. Moreover, let ν0, ν1, ν2 and θ be as in Definition 3.1. Then θ(ν1(S)) = ν2(θ(S)) =
Ξ(S−)−1, and hence Ξ(S−) = θ2(ν2(S
−1)). Moreover, ν2(S
−1) =
(
θ2(ν1(S))
)−1
.
Lemma 3.6. Let S = βα−1z0 · · · zn−1 λ be the standard representative of a string of type βα
−1λ
as in Definition 3.4. The stable endomorphism ring of M(S), EndΛ0(M(S)), is isomorphic to k if
and only if S has the following property:
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(+) If there are subpatterns U,A1, A2 of S such that
S = βα−1 U xA2 λ or S = βα
−1 A1 xU xA2 λ or S = βα
−1 A1 xU λ,
then for all subpatterns B1, B2 of S, we have
S 6= βα−1 U yB2 λ and S 6= βα
−1 B1 y U y B2 λ and S 6= βα
−1B1 y U λ.
Moreover, if the stable endomorphism ring of M(S) has k-dimension at least 2, then all modules in
the stable Auslander-Reiten component containing M(S) have this property.
Proof. Since EndΛ0(M(βα
−1λ)) ∼= k and βα−1λ has property (+), Lemma 3.6 follows for n = 0.
For the remainder of the proof, let S = βα−1z0 · · · zn−1 λ be a word representing a string of type
βα−1λ with n ≥ 1. We analyze the different possibilities for M(S) such that EndΛ0(M(S)) has
k-dimension at least 2.
Suppose first that there exists a string T 6∼s S of length at least 2 such thatM(S) has a canonical
endomorphism αT , as defined in Remark 5.4, factoring throughM(T ). In particular, EndΛ0(M(S))
has k-dimension at least 2. It follows from the definition of strings of type βα−1λ that
T ∼s βα
−1 U λ
for some subpattern U of S and that there exist subpatterns A1, A2, B1, B2 of S satisfying both (∗)
and (∗∗), where
(∗) S = βα−1 U xA2 λ or S = βα
−1 A1 xU xA2 λ or S = βα
−1 A1 xU λ,
(∗∗) S = βα−1 U y B2 λ or S = βα
−1 B1 y U y B2 λ or S = βα
−1B1 y U λ.
On the other hand, if S satisfies (∗) and (∗∗), then M(S) has a canonical endomorphism factoring
through a string module that is not isomorphic toM(S) with at least three composition factors. It is
straightforward to see that then also the modules M(Sh···h) and M(h···hS) each have a non-identity
canonical endomorphism factoring through a string module with at least three composition factors.
Next let T be a string of length 0 or 1 such thatM(S) has a canonical endomorphism αT factoring
through M(T ). Then either T = δ or T = 1u for some u ∈ {0, 1, 2}. Analyzing these cases further,
it follows that αT does not factor through a projective Λ0-module only if S satisfies (∗) and (∗∗)
for certain subpatterns U,A1, A2, B1, B2 of S. This completes the proof of Lemma 3.6. 
Remark 3.7. Let S be the standard representative of a string of type βα−1λ, and let S− and Ξ
be as in Definition 3.4. If S satisfies condition (+) from Lemma 3.6, then S = S−. Moreover, S
satisfies condition (+) if and only if Ξ(S) satisfies condition (+).
Theorem 3.8. Let C be a component of the stable Auslander-Reiten quiver Γs(Λ0) consisting of
string modules. Then C contains a module whose stable endomorphism ring is isomorphic to k if
and only if either
(i) C is a 3-tube, or
(ii) C contains a simple Λ0-module, or
(iii) there exist i ∈ {0, 1, 2} and a string of type βα−1λ whose standard representative S satisfies
condition (+) from Lemma 3.6 such that C contains M(θi(S)).
Proof. Since one of the 3-tubes containsM(α) and the other 3-tube containsM(δβ), it follows that
if C is as in (i), (ii) or (iii), then C contains a module whose stable endomorphism ring is isomorphic
to k.
Conversely, let C be a component of string modules containing a module whose stable endomor-
phism ring is isomorphic to k, and suppose C is not a 3-tube. Then C is of type ZA∞∞. Let T be a
word representing a string such that M(T ) has minimal length in C.
If T has length 0, 1 or 2, it follows that M(T ) lies in the same component as a simple Λ0-module,
and hence M(T ) is itself simple.
Now suppose T is a string of length at least 3. Let uT = e(T ), let νuT and θ be as in Definition
3.1, and let iT ∈ {0, 1, 2} be such that θ
iT (uT ) = 1. Then there exists j ∈ {0, 1} such that
(3.2) S˜
def
= θiT (νjuT (T )) = βα
−1λ · · · .
UNIVERSAL DEFORMATION RINGS OF MODULES OVER FROBENIUS ALGEBRAS 11
Suppose first that S˜ in (3.2) is not the standard representative of a string of type βα−1λ. Then there
exists a word Z = z0 · · · zn−1 of type 0 of maximal type-0-length n ≥ 0 such that S˜ = βα
−1ZW
for some subword W of S˜. In particular, W 6= x · · · and W 6= y · · · . Because M(T ) is assumed
to have minimal length in its stable Auslander-Reiten component, the same is true for M(S˜) in its
stable Auslander-Reiten component. Thus W 6= 10. Since we assume that S˜ is not the standard
representative of a string of type βα−1λ, W 6= λ. Hence either (a)W = λδW ′, or (b) W = λξ−1W ′
for some subwordW ′ of W . Analyzing these cases further, it follows that the stable endomorphism
ring of every module in the stable Auslander-Reiten component containing M(S˜) has k-dimension
at least 2. Hence it follows by Lemma 3.3 that this case cannot occur.
Therefore, S˜ in (3.2) must be the standard representative of a string of type βα−1λ. If j = 0,
then θ−iT (S˜) = T and we define S = S˜. If j = 1, then by Remark 3.5,
θ−iT−1(Ξ(S˜−)) = θ−iT−1(θ2(ν2(S˜
−1))) = θ−iT+1
(
(θ2(ν1(S˜)))
−1
)
=
(
θ−iT (ν1(S˜)
)−1
= T−1
and we define S = Ξ(S˜−). By Definition 3.4, Ξ(S˜−) is also the standard representative of a string
of type βα−1λ. Hence in both cases j = 0 and j = 1, there exists i ∈ {0, 1, 2} such that C contains
M(θi(S)), where S is the standard representative of a string of type βα−1λ. Since we have assumed
that C contains a module whose stable endomorphism ring is isomorphic to k, it follows by Lemma
3.6 that S satisfies condition (+). This completes the proof of Theorem 3.8. 
Because of the prominent role played by standard representatives of strings S of type βα−1λ in
Theorem 3.8, the question arises which such S satisfy condition (+) from Lemma 3.6. We will give
a precise answer to this question in Proposition 4.3.
We now look at the components of the stable Auslander-Reiten quiver of Λ0 singled out by
Theorem 3.8.
Proposition 3.9. For i ∈ {0, 1, 2}, let Ci be the component of the stable Auslander-Reiten quiver
of Λ0 containing the simple Λ0-module Si = M(1i). Define (1i)h = θ
i(λξ−1) and (1i)hh =
θi(λξ−1δρ−1). The component Ci is stable under Ω, and the modules in Ci whose stable endo-
morphism rings are isomorphic to k are precisely the modules in the Ω-orbits of the modules M(1i),
M((1i)h) and M((1i)hh). Their universal deformation rings are
R(Λ0,M(1i)) ∼= k[[t]]/(t
2), R(Λ0,M((1i)h)) ∼= k, R(Λ0,M((1i)hh)) ∼= k[[t]].
Proof. It suffices to consider i = 0. Using hooks and cohooks (see Definition 5.3), we see that C0 is
stable under Ω and that all Λ0-modules in C0 lie in the Ω-orbit of either
An,0 = M
(
(λξ−1δρ−1βα−1)n
)
, or
An,1 = M
(
(λξ−1δρ−1βα−1)nλξ−1
)
, or
An,2 = M
(
(λξ−1δρ−1βα−1)nλξ−1δρ−1
)
for some n ≥ 0. Note that M(10) = A0,0, M((10)h) = A0,1 and M((10)hh) = A0,2. Using Remark
5.4 and the description of the projective indecomposable Λ0-modules in (3.1), it is straightforward
to show that the stable endomorphism ring of A0,j is isomorphic to k for j ∈ {0, 1, 2} and that
Ext1Λ0(A0,j , A0,j) is isomorphic to k for j ∈ {0, 2} and zero for j = 1. On the other hand, for n ≥ 1,
An,j has a non-zero endomorphism which factors throughM(10) and which does not factor through
a projective Λ0-module.
Since Ext1Λ0(A0,1, A0,1) = 0, it follows that R(Λ0, A0,1)
∼= k. Since Ext1Λ0(A0,j , A0,j) is isomorphic
to k for j ∈ {0, 2}, it follows that R(Λ0, A0,j) is a quotient of k[[t]] for j ∈ {0, 2}.
The module A0,0 lies in a non-split short exact sequence of Λ0-modules
(3.3) 0→ A0,0 →M(α)→ A0,0 → 0.
Therefore, M(α) defines a non-trivial lift of A0,0 over k[[t]]/(t
2). This implies that there is a
unique surjective k-algebra homomorphism ψ : R(Λ0, A0,0) → k[[t]]/(t
2) in Cˆ corresponding to the
deformation defined by M(α). We need to show that ψ is an isomorphism. Suppose this is false.
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Then there exists a surjective k-algebra homomorphism ψ0 : R(Λ0, A0,0)→ k[[t]]/(t
3) in Cˆ such that
π ◦ψ0 = ψ where π : k[[t]]/(t
3)→ k[[t]]/(t2) is the natural projection. Let M0 be a k[[t]]/(t
3)⊗kΛ0-
module which defines a lift of A0,0 over k[[t]]/(t
3) corresponding to ψ0. Because M0/t
2M0 ∼=M(α)
and t2M0 ∼= A0,0, we obtain a non-split short exact sequence of k[[t]]/(t
3)⊗k Λ0-modules
(3.4) 0→ A0,0 →M0 →M(α)→ 0.
Since Ext1Λ0(M(α), A0,0) = 0, this sequence splits as a sequence of Λ0-modules. Hence M0 =
A0,0 ⊕M(α) as Λ0-modules. Writing elements of M0 as (a,m) where a ∈ A0,0 and m ∈ M(α),
the t-action on M0 is given as t (a,m) = (σ(m), tm), where σ : M(α) → A0,0 is a surjective Λ0-
module homomorphism. Since for all such σ we have σ(tm) = 0 = t2m, it follows that t2 (a,m) =
(σ(tm), t2m) = (0, 0) for all a ∈ A0,0 and m ∈ M(α). But this is a contradiction to t
2M0 ∼= A0,0.
Thus ψ is a k-algebra isomorphism and R(Λ0, A0,0) ∼= k[[t]]/(t
2).
Let a = λξ−1δρ−1 and consider A0,2 =M(a). Then A0,2 lies in a non-split short exact sequence
of Λ0-modules
(3.5) 0→ A0,2 →M(aβa)→ A0,2 → 0.
Therefore,M(aβa) defines a non-trivial lift of A0,2 over k[[t]]/(t
2). Let {b0, b1, . . . , b4} be a canonical
k-basis of A0,2 relative to the representative a, and let for each arrow ζ ∈ {α, ρ, ξ, β, δ, λ}, Xζ be
the 5× 5 matrix with entries in k describing the action of ζ on A0,2 with respect to {b0, b1, . . . , b4}
(see Definition 5.1). Let L0,2 be a free k[[t]]-module of rank 5, and let {B0, B1, . . . , B4} be a
basis of L0,2 over k[[t]]. Viewing k as a subalgebra of k[[t]], define a Λ0-module structure on L0,2
by letting ζ ∈ {α, ρ, ξ, δ, λ} act as the matrix Xζ and β as the matrix Xβ + tE4,0 with respect
to the basis {B0, B1, . . . , B4}. Here E4,0 is the elementary 5 × 5 matrix which sends B0 to B4
and all other basis elements to 0. Then L0,2 is a k[[t]] ⊗k Λ0-module which is free over k[[t]] and
L0,2/tL0,2 ∼= A0,2. Hence L0,2 defines a lift of A0,2 over k[[t]], and there exists a unique k-algebra
homomorphism ϕ : R(Λ0, A0,2) → k[[t]] in Cˆ corresponding to the deformation defined by L0,2.
Because L0,2/t
2L0,2 ∼= M(aβa) as Λ0-modules, L0,2/t
2L0,2 defines a non-trivial lift of A0,2 over
k[[t]]/(t2). Thus ϕ is surjective. Since R(Λ0, A0,2) is a quotient of k[[t]], this implies that ϕ is an
isomorphism, and hence R(Λ0, A0,2) ∼= k[[t]]. This proves Proposition 3.9. 
Proposition 3.10. Let S be the standard representative of a string of type βα−1λ satisfying con-
dition (+) from Lemma 3.6. Then hS = λδρ
−1S and hhS = δβα
−1(hS). For i ∈ {0, 1, 2}, let CS,i
be the component of the stable Auslander-Reiten quiver of Λ0 containing M(θ
i(S)). The component
CS,i is stable under Ω, and the modules in CS,i whose stable endomorphism rings are isomorphic to
k are precisely the modules in the Ω-orbits of the modules M(θi(S)), M(θi(hS)) and M(θ
i(hhS)).
Their universal deformation rings are
R(Λ0,M(θ
i(S))) ∼= k[[t]]/(t2), R(Λ0,M(θ
i(hS))) ∼= k, R(Λ0,M(θ
i(hhS))) ∼= k[[t]].
Proof. It suffices to consider the case when i = 0. Using hooks and cohooks (see Definition 5.3), we
see that CS,0 is stable under Ω and that all Λ0-modules in CS,0 lie in the Ω-orbit of either
Vn,0 = M
(
S(δρ−1βα−1λξ−1)nδρ−1
)
, or
Vn,1 = M
(
S(δρ−1βα−1λξ−1)nδρ−1βα−1
)
, or
Vn,2 = M
(
S(δρ−1βα−1λξ−1)n+1
)
for some n ≥ 0. Since S = S− when S satisfies condition (+), we have M(S) ∼= Ω(V0,0), M(hS) ∼=
Ω(V0,1) andM(hhS) ∼= Ω(V0,2). By Lemma 3.6, the stable endomorphism ring ofM(S) is isomorphic
to k. Using Remark 5.4 together with similar arguments as in the proof of Lemma 3.6, it follows
that the stable endomorphism ring of V0,j is isomorphic to k for j ∈ {0, 1, 2}. Similarly, we analyze
Ext1Λ0(V0,j , V0,j) to see that it is isomorphic to k for j ∈ {0, 2} and zero for j = 1. On the other
hand, for n ≥ 1, Vn,j has a non-zero endomorphism which factors through M(11) and which does
not factor through a projective Λ0-module.
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The universal deformation rings of V0,0, V0,1 and V0,2 are determined in a similar way as in the
proof of Proposition 3.9. It follows that R(Λ0, V0,0) ∼= k[[t]]/(t
2), R(Λ0, V0,1) ∼= k and R(Λ0, V0,2) ∼=
k[[t]]. Using Theorem 2.6(iv), this proves Proposition 3.10. 
Proposition 3.11. Let T1 and T2 be the two 3-tubes of the stable Auslander-Reiten quiver of Λ0.
Then Ω(T1) = T2. Define T = α
−1. Then Th = α
−1λξ−1 and Thh = α
−1λξ−1δρ−1. The modules
in T1 ∪ T2 whose stable endomorphism rings are isomorphic to k are precisely the modules in the
Ω-orbits of the modules M(T ), M(Th) and M(Thh). Their universal deformation rings are
R(Λ0,M(T )) ∼= k ∼= R(Λ0,M(Th)), R(Λ0,M(Thh)) ∼= k[[t]].
Proof. Using the description of the projective indecomposable Λ0-modules in (3.1), we see that
Ω(T1) = T2. Using hooks and cohooks (see Definition 5.3) and Remark 5.4, it is straightforward to
show that the only Λ0-modules in T1 ∪ T2 whose stable endomorphism rings are isomorphic to k
lie in the Ω-orbit of either C0 =M(T ), C1 = M(Th) or C2 = M(Thh). Since Ext
1
Λ0(Cj , Cj) = 0 for
j ∈ {0, 1}, we have R(Λ0, Cj) ∼= k for j ∈ {0, 1}. Since Ext
1
Λ0(C2, C2)
∼= k, it follows that R(Λ0, C2)
is a quotient of k[[t]]. Using similar arguments as in the proof of Proposition 3.9, we obtain that
R(Λ0, C2) ∼= k[[t]], which proves Proposition 3.11. 
3.2. Stable endomorphism rings and universal deformation rings of band modules for
Λ0. In this section, we describe all band modules for Λ0 whose stable endomorphism rings are
isomorphic to k and determine their universal deformation rings.
It follows from [15] that if B is a band, µ ∈ k∗ and n ≥ 2 is an integer, then EndΛ0(M(B, µ, n))
has k-dimension at least 2. Hence we can concentrate on the band modules MB,µ =M(B, µ, 1).
For the description of all the band modules whose stable endomorphism rings are isomorphic to
k, we need to look at special bands, which we call bands of type 0 and which are defined using the
words of type 0 and their rotations of type 0 introduced in Definition 3.2.
Definition 3.12. (i) We say a word B representing a band is a top-socle representative if
B = C1C
−1
2 C3C
−1
4 · · ·C2l−1C
−1
2l
where l ≥ 1, C2i−1 ∈ {β, βλ, δ, δβ, λ, λδ} and C2i ∈ {α, ρ, ξ} for 1 ≤ i ≤ l. The words
C1, C2, . . . , C2l are called the top-socle pieces of B. The positive integer l is called the top-
socle length of B. For 1 ≤ j ≤ 2l, s(Cj) is called the top of Cj and e(Cj) is called the socle
of Cj . The collection of all the tops (resp. of all the socles) of the C2i−1, 1 ≤ i ≤ l, where
we count multiplicities, is called the top (resp. the socle) of B.
(ii) We say a band is a band of type 0 if it has a top-socle representative B which is a word of
type 0, as defined in Definition 3.2(ii). In other words,
B = z0 z1 · · · zn−1
where n ≥ 1 and z0, . . . , zn−1 ∈ {x, y}. A standard representative of a band of type 0 is a
top-socle representative which is a word of type 0. This is unique up to rotations of type 0,
as defined in Definition 3.2(iv).
(iii) LetB = z0 z1 · · · zn−1 be a standard representative of a band of type 0. A rotated subpattern
U of B is a subpattern of ρ
(0)
i (B) for some 0 ≤ i ≤ n − 1, where ρ
(0)
i is as in Definition
3.2(iv). Thus either U = 10 or U = zi zi+1 · · · zj for some 0 ≤ i ≤ j ≤ n − 1 or U =
zi zi+1 · · · zn−1z0 · · · zj for some 0 ≤ j < i ≤ n− 1. The inverse pattern U
− of U is given
as in Definition 3.2(iii).
(iv) Let B = z0 z1 · · · zn−1 be a standard representative of a band of type 0, and let ω ∈
{0, 1, . . . , n − 1}. We say B allows a wrap-around at ω if zi = zω−i for all i, where the
indices are taken modulo n.
Remark 3.13. Suppose B = z0 z1 · · · zn−1 is a standard representative of a band of type 0.
(i) Since B is not a power of a smaller word, B allows at most one wrap-around.
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(ii) Suppose B allows a wrap-around at ω. Let µ, µ˜ ∈ k∗, and let MB,µ = M(B, µ, 1) and
MB,µ˜ = M(B, µ˜, 1). We obtain the following sequence of canonical homomorphisms from
MB,µ to MB,µ˜, as defined in Remark 5.5, associated to the wrap-around at ω.
Let {b0, b1, . . . , b5n−1} (resp. {b˜0, b˜1, . . . , b˜5n−1}) be a canonical k-basis for MB,µ (resp.
MB,µ˜) relative to the representative B (see Definition 5.2). Let 0 ≤ j ≤ n − 1. Define
νj = 1 and ǫj = 2 if zj = x (resp. νj = 2 and ǫj = 1 if zj = y). Then ξj,1 (resp. ξj,2) with
ξj,1(b5j+νj ) = b˜5(ω−j)+νj+1 and ξj,1(bi) = 0 for all other i (resp. ξj,2(b5j+4) = b˜5(ω−j) and
ξj,2(bi) = 0 for all other i) defines a canonical homomorphism from MB,µ to MB,µ˜ of string
type 1ǫj (resp. 10).
Considering the projective indecomposable Λ0-modules, it follows that ξj,1 + ξj,2 for
j ∈ {0, 1, . . . , n− 1}− {ω} and ξω,1+ µ˜ξω,2 all factor through projective Λ0-modules. Also,
ξj,2 + ξj+1,1 for j ∈ {0, 1, . . . , n − 2} and ξn−1,2 + µξ0,1 all factor through projective Λ0-
modules. We conclude that every homomorphism in {ξj,1, ξj,2 | 0 ≤ j ≤ n − 1} factors
through a projective Λ0-module if and only if µµ˜ 6= 1.
Lemma 3.14. Let B = z0z1 · · · zn−1 be a standard representative of a band B of type 0 as in
Definition 3.12, let µ ∈ k∗ and let MB,µ = M(B, µ, 1). The stable endomorphism ring of MB,µ,
EndΛ0(MB,µ), is isomorphic to k if and only if µ 6= ±1 and B has the following property:
(++) If there are rotated subpatterns U, V of B such that B ∼r,(0) xU xV , then for all rotated
subpatterns W of B, we have B 6∼r,(0) y U yW .
Here ∼r,(0) is the equivalence relation introduced in Definition 3.2(iv).
Proof. Since for B ∈ {x, y}, EndΛ0(MB,µ)
∼= k if and only if µ 6= ±1 and since x and y have property
(++), Lemma 3.14 follows for n = 1. For the remainder of the proof, let B = z0z1 · · · zn−1 be a
standard representative of a band of type 0 with n ≥ 2, and let µ ∈ k∗. We analyze the different
possibilities for MB,µ such that EndΛ0(MB,µ) has k-dimension at least 2.
Suppose first that there exists a string T of length at least 2 such that MB,µ has a canonical
endomorphism αT of string type T , as described in Remark 5.5. In particular, EndΛ0(MB,µ) has
k-dimension at least 2. It follows from the definition of bands of type 0 that
T ∼s βα
−1Uλ
for some rotated subpattern U of B and that there exist rotated subpatterns V,W of B such that
(‡) B ∼r,(0) xU xV and B ∼r,(0) y U yW .
On the other hand, if B satisfies (‡), then MB,µ has a canonical endomorphism factoring through
a string module with at least three composition factors.
Next let T be a string of length 0 or 1 such that MB,µ has a canonical endomorphism αT of
string type T . Then either T = δ or T = 1u for some u ∈ {0, 1, 2}.
Analyzing these cases further, it follows that if T = δ then αT does not factor through a projective
Λ0-module only if B satisfies (‡) for certain rotated subpatterns U, V,W of B.
Next let T = 1u for some u ∈ {0, 1, 2}. Then αT does not factor through a projective Λ0-module
only if either (a) B satisfies (‡) for certain U, V,W , or (b) B has property (++) and µ = ±1.
To explain (b), we first note that if B has property (++), then B allows a wrap-around at ω for
a unique ω ∈ {0, 1, . . . , n − 1} (see Proposition 4.4). Using Remark 3.13(ii), it follows that if B
satisfies (++) then αT does not factor through a projective Λ0-module if and only if there exist
0 ≤ j ≤ n− 1 and s ∈ {1, 2} such that αT = ξj,s and µ = ±1. This completes the proof of Lemma
3.14. 
Definition 3.15. Define
(3.6) p = λξ−1δρ−1βα−1 and q = λδρ−1βλξ−1δβα−1.
Theorem 3.16. Let M be a band module for Λ0. Then the stable endomorphism ring of M is
isomorphic to k if and only if either
(i) there exist µ ∈ k∗ and B ∈ {p, q} such that M ∼=MB,µ, or
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(ii) there exist i ∈ {0, 1, 2}, µ ∈ k∗ with µ 6= ±1, and a standard representative B of a band of
type 0 satisfying condition (++) from Lemma 3.14 such that M ∼= Mθi(B),µ.
Proof. Let C be a top-socle representative of a band whose top-socle length is l ≥ 1, and let µ ∈ k∗
be such that M ∼=MC,µ. As in Definition 3.12(i), C has the form
C = D1D
−1
2 D3D
−1
4 · · ·D2l−1D
−1
2l
where D2j−1 ∈ {β, βλ, δ, δβ, λ, λδ} and D2j ∈ {α, ρ, ξ}. In particular, l ≥ 2.
If all D2j−1 have the same length, then either C ∼r p or C ∼r q. In this case the stable
endomorphism ring of MC,µ is isomorphic to k for all µ.
For the remainder of the proof suppose that not all D2j−1 have the same length. Then there
exists i0 ∈ {0, 1, 2} such that C has a subword of the form θ
i0 (x) or θi0 (y). This means that we can
write
C˜
def
= θ−i0(C) = Z0Z1 · · ·Zm−1
where for all 0 ≤ j ≤ m− 1, Zj is a sequence of top-socle pieces of C˜ such that Zj = λ · · ·α
−1 and
10 occurs exactly once in the top of Zj . Hence Zj ∈ {pr, qr, xr, yr | r ≥ 0}, where
p
r
= λξ−1δρ−1
(
βλξ−1δρ−1
)r
βα−1, q
r
= λ
(
δρ−1βλξ−1
)r+1
δβα−1,
xr = λξ
−1
(
δρ−1βλξ−1
)r
δβα−1, y
r
= λδρ−1
(
βλξ−1δρ−1
)r
βα−1.
In particular, p
0
= p, q
0
= q, x0 = x, y0 = y. Using that at least one of the Zj is x0 or y0, we
obtain that the stable endomorphism ring of MC˜,µ, and hence of MC,µ, has k-dimension at least 2
for all µ ∈ k∗ except in the following cases:
(a) C˜ only contains x0 and y0; or
(b) C˜ only contains x0 and x1; or
(c) C˜ only contains y
0
and y
1
.
Suppose that C˜ is as in one of the cases (a) – (c). Then there exists i1 ∈ {0, 1, 2} such that a
rotation of θi1(C˜) is a standard representative of a band of type 0. Thus there exist i ∈ {0, 1, 2}
and a standard representative B of a band of type 0 such that MC,µ ∼= Mθi(B),µ. By Lemma 3.14,
it follows that the stable endomorphism ring of MC,µ is isomorphic to k if and only if µ 6= ±1 and
B satisfies condition (++). This completes the proof of Theorem 3.16. 
Because of the prominent role played by standard representatives of bands B of type 0 in Theorem
3.16, the question arises which such B satisfy condition (++) from Lemma 3.14. We will give a
precise answer to this question in Proposition 4.4.
We now look at the band modules for Λ0 singled out by Theorem 3.16.
Proposition 3.17. Let B be a top-socle representative of a band and let µ ∈ k∗.
(i) If µ ∈ k∗ and {B,B′} = {p, q}, then Ω(MB,µ) ∼= MB′,−µ−1 .
(ii) If µ ∈ k∗−{±1} and there exists i ∈ {0, 1, 2} such that θ−i(B) is a standard representative
of a band of type 0 satisfying condition (++) from Lemma 3.14, then Ω(MB,µ) ∼=MB,µ−1 .
In each of the above cases, the universal deformation ring is R(Λ0,MB,µ) ∼= k[[t]].
Proof. Using that Λ0 = P2 ⊕ P1 ⊕ P0 is a projective Λ0-module cover of Mp,µ and analyzing the
kernel Ω(Mp,µ) of the natural surjection Λ0 → Mp,µ, it follows that Ω(Mp,µ) ∼= Mq,−µ−1 . Since
Ω2(Mp,µ) ∼= Mp,µ, we also have Ω(Mq,µ) ∼= Mp,−µ−1 . Using Remark 5.5, we see that the vector
space HomΛ0(Mq,−µ−1 ,Mp,µ) is 3-dimensional over k, but the subspace of homomorphisms factoring
through projective Λ0-modules has k-dimension 2. Hence
Ext1Λ0(Mp,µ,Mp,µ)
∼= HomΛ0(Ω(Mp,µ),Mp,µ)
∼= HomΛ0(Mq,−µ−1 ,Mp,µ)
∼= k.
This implies that R(Λ0,Mp,µ) is a quotient of k[[t]]. Using similar arguments as in the proof of
Proposition 3.9, we obtain that R(Λ0,Mp,µ) ∼= k[[t]]. By Theorem 2.6(iv), we also get R(Λ0,Mq,µ) ∼=
k[[t]], which proves part (i).
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Suppose now that µ, i and B are as in part (ii). Without loss of generality, we may assume that
i = 0, which means that B is a standard representative of a band of type 0 satisfying condition
(++). Then B allows a unique wrap-around (see Proposition 4.4), which implies B ∼r,(0) B
−. Since
the top-socle length of B is even, it follows that Ω(MB,µ) ∼= MB,µ−1 . Using Remark 5.5, we see
that the k-dimension of the vector space HomΛ0(MB,µ−1 ,MB,µ) is one less than the k-dimension of
EndΛ0(MB,µ), since there is no identity homomorphism in the former space. Arguing in a similar
way as in the proof that the stable endomorphism ring of MB,µ is isomorphic to k, we see that
all the canonical homomorphisms MB,µ−1 → MB,µ factor through projective Λ0-modules except
possibly the homomorphisms ξj,1, ξj,2, 0 ≤ j ≤ n − 1, from Remark 3.13(ii). Since µ
−1µ = 1, it
follows that
Ext1Λ0(MB,µ,MB,µ)
∼= HomΛ0(Ω(MB,µ),MB,µ)
∼= HomΛ0(MB,µ−1 ,MB,µ)
∼= k.
This implies that R(Λ0,MB,µ) is a quotient of k[[t]]. Using similar arguments as in the proof of
Proposition 3.9, we obtain that R(Λ0,MB,µ) ∼= k[[t]]. This completes the proof of Proposition
3.17 
4. Appendix: Strings and bands for Λ0 satisfying (+) and (++) from Section 3
We assume the notation from §3. In particular, k is an algebraically closed field of arbitrary
characteristic and Λ0 is the basic k-algebra Λ0 = kQ/I where Q and I are as in Figure 1. Because
of the prominent role played by standard representatives of strings S of type βα−1λ satisfying con-
dition (+) in Theorem 3.8, respectively by standard representatives of bands B of type 0 satisfying
condition (++) in Theorem 3.16, the question arises if one can give an explicit description of such
S and B. In this appendix, we give a precise answer to this question in Propositions 4.3 and 4.4.
Considering words of type 0 of small type-0-length suggests that to answer this question one
needs to use an inductive process. The key ingredients in this inductive process are described in
the following definition. We assume Definition 3.2.
Definition 4.1. (i) Let ℓ be a positive integer, let (i1, . . . , iℓ−1) be an (ℓ − 1)-tuple with ij ∈
{0, 1} mod 2 for 1 ≤ j ≤ ℓ−1, and let (a1, . . . , aℓ−1) be an (ℓ−1)-tuple of positive integers.
We define
N0 = x, N1 = y;
and for 1 ≤ j ≤ ℓ− 1,
Ni1,...,ij ,0(a1, . . . , aj) = Ni1,...,ij (a1, . . . , aj−1)
aj Ni1,...,ij−1,(ij)+1(a1, . . . , aj−1),
Ni1,...,ij ,1(a1, . . . , aj) = Ni1,...,ij (a1, . . . , aj−1)
aj+1Ni1,...,ij−1,(ij)+1(a1, . . . , aj−1).
(ii) Let ℓ be a positive integer, let (i1, . . . , iℓ−1) be an (ℓ − 1)-tuple with ij ∈ {0, 1} mod 2 for
1 ≤ j ≤ ℓ− 1, and let (a1, . . . , aℓ−1) be an (ℓ− 1)-tuple of positive integers. Define
x(ℓ) = Ni1,...,iℓ−1,0(a1, . . . , aℓ−1),
y(ℓ) = Ni1,...,iℓ−1,1(a1, . . . , aℓ−1).
We say a word Z is a word of type 0 on level ℓ if Z = 10 or
Z = z
(ℓ)
0 · · · z
(ℓ)
n−1
where n ≥ 1 and z
(ℓ)
0 , . . . , z
(ℓ)
n−1 ∈ {x
(ℓ), y(ℓ)}. We call n the type-0-length on level ℓ of Z,
where n = 0 corresponds to Z = 10. Note that for ℓ = 1, this is the original definition of a
word of type 0 from Definition 3.2.
If we want to emphasize the tuples used to define x(ℓ) and y(ℓ), we say Z is a word of
type 0 on level ℓ relative to the (ℓ− 1)-tuples (i1, . . . , iℓ−1) and (a1, . . . , aℓ−1).
(iii) Let Z = z
(ℓ)
0 · · · z
(ℓ)
n−1 be a word of type 0 on level ℓ. A subpattern U of Z on level ℓ is a
subword of Z such that either U = 10 or U = z
(ℓ)
i z
(ℓ)
i+1 · · · z
(ℓ)
j for some 0 ≤ i ≤ j ≤ n− 1.
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(iv) Let Z = z
(ℓ)
0 · · · z
(ℓ)
n−1 be a word of type 0 on level ℓ with n ≥ 1. For 0 ≤ i ≤ n− 1, we define
the ith rotation of Z of type 0 on level ℓ to be
ρ
(0,ℓ)
i (Z) = z
(ℓ)
i z
(ℓ)
i+1 · · · z
(ℓ)
n−1z
(ℓ)
0 · · · z
(ℓ)
i−1.
Define ∼r,(0,ℓ) to be the equivalence relation on all words of type 0 on level ℓ of type-0-length
on level ℓ at least 1 such that Z ∼r,(0,ℓ) Z
′ if and only if Z = ρ
(0,ℓ)
i (Z
′) for some i. Note
that for ℓ = 1, the equivalence relation ∼r,(0,ℓ) coincides with the equivalence relation ∼r,(0)
from Definition 3.2.
(v) Let ℓ be a positive integer, let (i1, . . . , iℓ−1) be an (ℓ − 1)-tuple with ij ∈ {0, 1} mod 2 for
1 ≤ j ≤ ℓ− 1, and let (a1, . . . , aℓ−1) be an (ℓ− 1)-tuple of positive integers. Define x
(ℓ) and
y(ℓ) as in part (ii) and define
b(ℓ) = βα−1Ni1,0(a1)Ni1,i2,0(a1, a2) · · · Ni1,...,iℓ−1,0(a1, . . . , aℓ−1),
l(ℓ) = Ni1,...,iℓ−1(a1, . . . , aℓ−2)
aℓ−1 · · · Ni1,i2(a1)
a2 (Ni1)
a1 λ.
We say a word S is the standard representative of a string of type βα−1λ on level ℓ if
S = b(ℓ)Z l(ℓ)
where Z is a word of type 0 on level ℓ. Note that for ℓ = 1, this is the original definition of
the standard representative of a string of type βα−1λ from Definition 3.4.
If we want to emphasize the tuples used to define x(ℓ), y(ℓ), b(ℓ) and l(ℓ), we say S is the
standard representative of a string of type βα−1λ on level ℓ relative to the (ℓ − 1)-tuples
(i1, . . . , iℓ−1) and (a1, . . . , aℓ−1).
A subpattern U of S on level ℓ is a subpattern of Z on level ℓ, as defined in part (iii).
(vi) Let ℓ be a positive integer, let (i1, . . . , iℓ−1) be an (ℓ − 1)-tuple with ij ∈ {0, 1} mod 2 for
1 ≤ j ≤ ℓ − 1, and let (a1, . . . , aℓ−1) be an (ℓ − 1)-tuple of positive integers. Define x
(ℓ)
and y(ℓ) as in part (ii). We say a band is a band of type 0 on level ℓ if it has a top-socle
representative B which is a word of type 0 on level ℓ. In other words,
B = z
(ℓ)
0 · · · z
(ℓ)
n−1
where n ≥ 1 and z
(ℓ)
0 , . . . , z
(ℓ)
n−1 ∈ {x
(ℓ), y(ℓ)}. A standard representative of a band of type 0
on level ℓ is a top-socle representative which is a word of type 0 on level ℓ. This is unique
up to rotations of type 0 on level ℓ, as defined in part (iv). Note that for ℓ = 1, this is the
original definition of a band of type 0 and a standard representative of a band of type 0
from Definition 3.12.
If we want to emphasize the tuples used to define x(ℓ) and y(ℓ), we say B is a standard
representative of a band of type 0 on level ℓ relative to the (ℓ− 1)-tuples (i1, . . . , iℓ−1) and
(a1, . . . , aℓ−1).
(vii) Let B = z
(ℓ)
0 z
(ℓ)
1 · · · z
(ℓ)
n−1 be a standard representative of a band of type 0 on level ℓ. A
rotated subpattern U of B on level ℓ is a subpattern of ρ
(0,ℓ)
i (B) for some 0 ≤ i ≤ n−1, where
ρ
(0,ℓ)
i is as in part (iv). Thus either U = 10 or U = z
(ℓ)
i z
(ℓ)
i+1 · · · z
(ℓ)
j for some 0 ≤ i ≤ j ≤ n
or U = z
(ℓ)
i z
(ℓ)
i+1 · · · z
(ℓ)
n−1z
(ℓ)
0 · · · z
(ℓ)
j for some 0 ≤ j < i ≤ n.
(viii) Let B = z
(ℓ)
0 z
(ℓ)
1 · · · z
(ℓ)
n−1 be a standard representative of a band of type 0 on level ℓ, and
let ω ∈ {0, 1, . . . , n− 1}. We say B allows a wrap-around on level ℓ at ω if z
(ℓ)
i = z
(ℓ)
ω−i for
all i, where the indices are taken modulo n.
Remark 4.2. (i) Let S be the standard representative of a string of type βα−1λ. Then S is the
standard representative of a string of type βα−1λ on level 1. There is a maximal positive
integer ℓ such that S is the standard representative of a string of type βα−1λ on level ℓ.
Conversely, if S is the standard representative of a string of type βα−1λ on level ℓ relative
to the (ℓ−1)-tuples (i1, . . . , iℓ−1) and (a1, . . . , aℓ−1), then S is the standard representative of
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a string of type βα−1λ on level j for all 1 ≤ j ≤ ℓ relative to the (j−1)-tuples (i1, . . . , ij−1)
and (a1, . . . , aj−1).
(ii) Let B be a standard representative of a band of type 0. Then B is a standard representative
of a band of type 0 on level 1. There is a maximal positive integer ℓ such that B lies in the
equivalence class under ∼r,(0) of a standard representative of a band of type 0 on level ℓ.
Conversely, if B is a standard representative of a band of type 0 on level ℓ relative to
the (ℓ− 1)-tuples (i1, . . . , iℓ−1) and (a1, . . . , aℓ−1), then B is a standard representative of a
band of type 0 on level j for all 1 ≤ j ≤ ℓ relative to the (j − 1)-tuples (i1, . . . , ij−1) and
(a1, . . . , aj−1).
Proposition 4.3. Let S = βα−1z0 · · · zn−1 λ be the standard representative of a string of type
βα−1λ as in Definition 3.4. Then S has property (+) from Lemma 3.6 if and only if there exist
a positive integer ℓ and a choice of (ℓ − 1)-tuples (i1, . . . , iℓ−1) and (a1, . . . , aℓ−1) as in Definition
4.1(v) such that
(4.1) S = b(ℓ) l(ℓ) or S = b(ℓ) (x(ℓ))aℓ l(ℓ) or S = b(ℓ) (y(ℓ))aℓ l(ℓ)
for some positive integer aℓ.
Proof. Let ℓ be a positive integer, let (i1, . . . , iℓ−1) and (a1, . . . , aℓ−1) be (ℓ−1)-tuples as in Definition
4.1(v), and let S be the standard representative of a string of type βα−1λ on level ℓ relative to
these (ℓ − 1)-tuples. As stated in Remark 4.2(i), S is then also the standard representative of a
string of type βα−1λ on level j for all 1 ≤ j ≤ ℓ relative to the (j − 1)-tuples (i1, . . . , ij−1) and
(a1, . . . , aj−1). Let j ∈ {1, . . . , ℓ}. Then S = b
(j) z
(j)
0 · · · z
(j)
nj−1
l(j), where z
(j)
i ∈ {x
(j), y(j)} for all
i ∈ {0, . . . , nj − 1}. Let c
(j) = z
(j)
0 and let d
(j) be such that {c(j), d(j)} = {x(j), y(j)}. In particular,
for 1 ≤ j < ℓ, x(j+1) = (c(j))ajd(j) and y(j+1) = (c(j))aj+1d(j), and b(j+1) = b(j) (c(j))ajd(j) and
l(j+1) = (c(j))aj l(j).
For 1 ≤ j ≤ ℓ, consider the following property:
(+)j If there are subpatterns U,A1, A2 of S on level j such that
S = b(j) U c(j)A2 l
(j) or S = b(j)A1 c
(j) U c(j)A2 l
(j) or S = b(j)A1 c
(j) U l(j),
then for all subpatterns B1, B2 of S on level j, we have
S 6= b(j) U d(j)B2 l
(j) and S 6= b(j)B1 d
(j) U d(j)B2 l
(j) and S 6= b(j)B1 d
(j) U l(j).
Claim 1. Let S be the standard representative of a string of type βα−1λ on level ℓ as in the first
paragraph of the proof. Then S has property (+) from Lemma 3.6 if and only if S has property
(+)ℓ.
Proof of Claim 1. Note that (+)1 is the same as (+). Moreover, S does not have property (+)j for
some 1 ≤ j ≤ ℓ if and only if there exist subpatterns U,A1, A2, B1, B2 of S on level j satisfying (∗)j
and (∗∗)j , where
(∗)j S = b
(j) U c(j)A2 l
(j) or S = b(j)A1 c
(j) U c(j)A2 l
(j) or S = b(j)A1 c
(j) U l(j),
(∗∗)j S = b
(j) U d(j)B2 l
(j) or S = b(j)B1 d
(j) U d(j)B2 l
(j) or S = b(j)B1 d
(j) U l(j).
Suppose that S does not have property (+j), i.e. S satisfies (∗)j and (∗∗)j.
If j < ℓ, then S is also the standard representative of a string of type βα−1λ on level (j + 1).
Therefore, it follows that the subpattern U in (∗)j and (∗∗)j has the form U = (c
(j))ajd(j) U˜ (c(j))aj
for some subpattern U˜ of S on level (j + 1). Since b(j+1) = b(j) (c(j))ajd(j), l(j+1) = (c(j))aj l(j),
x(j+1) = (c(j))ajd(j) and y(j+1) = (c(j))aj+1d(j), it follows that S satisfies (∗)j+1 and (∗∗)j+1 for
appropriate subpatterns of S on level (j + 1).
If j > 1, then S is also the standard representative of a string of type βα−1λ on level (j− 1). We
have b(j) = b(j−1) (c(j−1))aj−1d(j−1) and l(j) = (c(j−1))aj−1 l(j−1). Moreover, c(j) = (c(j−1))ξd(j−1)
and d(j) = (c(j−1))ζd(j−1), where {ξ, ζ} = {aj−1, aj−1 + 1}. Using this to rewrite (∗)j and (∗∗)j on
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level (j − 1), it follows that S satisfies (∗)j−1 and (∗∗)j−1 for appropriate subpatterns of S on level
(j − 1). Therefore, Claim 1 follows by induction.
Let now S = βα−1z0 · · · zn−1 λ be the standard representative of a string of type βα
−1λ, i.e. S
is the standard representative of a string of type βα−1λ on level 1, and suppose S has property
(+) from Lemma 3.6. Using the notation from the first paragraph of the proof, it follows that
S = b(1) l(1), or S = b(1) (c(1))a1 l(1) for some positive integer a1, or
S = b(1) (c(1))s1(d(1))t1 · · · (c(1))sr (d(1))tr (c(1))sr+1 l(1)
for some positive integers r, s1, . . . , sr+1 and t1, . . . , tr with si = sr+2−i and tj = tr+1−j for all
i, j by Remark 3.7. Since S has property (+), it cannot contain both subpatterns b(1) c(1) and
d(1) d(1). Therefore, tj = 1 for all j. Because S cannot contain both subpatterns b
(1) (c(1))sic(1) and
d(1) (c(1))sid(1) (resp. S cannot contain both subpatterns b(1) (c(1))s1d(1) and c(1) (c(1))s1c(1)), we
obtain s1 ≤ si ≤ s1 + 1 for all i. Therefore,
(4.2) S = b(1) (c(1))s1 d(1) · · · (c(1))sr d(1) (c(1))sr+1 l(1)
for some positive integers r, s1, . . . , sr+1 with si ∈ {s1, s1 + 1} and si = sr+2−i for all i. Letting
a1 = s1, we obtain that
S = b(1) (c(1))a1 d(1) υ0 · · ·υn2−1 (c
(1))a1 l(1)
where n2 = r − 1 ≥ 0 and υi ∈ {(c
(1))a1 d(1), (c(1))a1+1 d(1)} for all i ∈ {0, . . . , n2 − 1}. Letting
i1 = 0 (resp. i1 = 1) if c
(1) = x (resp. c(1) = y), we obtain
(4.3) S = b(2) z
(2)
0 · · · z
(2)
n2−1
l(2)
where n2 ≥ 0 and z
(2)
i ∈ {x
(2), y(2)} for all i ∈ {0, . . . , n2 − 1}. If n2 ≥ 1, let c
(2) = z
(2)
0 and choose
d(2) such that {c(2), d(2)} = {x(2), y(2)}. Since S satisfies (+), it also satisfies (+)2 by Claim 1.
Therefore, S = b(2) l(2), or S = b(2) (c(2))a2 l(2) for some positive integer a2, or
S = b(2) (c(2))u1(d(2))v1 · · · (c(2))uw (d(2))vw (c(2))uw+1 l(2)
for some positive integers w, u1, . . . , uw+1 and v1, . . . , vw with ui = uw+2−i and vj = vw+1−j for all
i, j. Using induction, it follows that there exist a positive integer ℓ and a choice of (ℓ − 1)-tuples
(i1, . . . , iℓ−1) and (a1, . . . , aℓ−1) as in Definition 4.1(v) such that S has one of the forms in (4.1).
Conversely, suppose that S is the standard representative of a string of type βα−1λ on level ℓ
having one of the forms in (4.1). Using the notation from the first paragraph of the proof, this
means that S = b(ℓ) l(ℓ), or S = b(ℓ) (c(ℓ))aℓ l(ℓ) for some positive integer aℓ. Hence S obviously has
property (+)ℓ. By Claim 1, it follows that S has property (+) from Lemma 3.6. This completes
the proof of Proposition 4.3. 
Proposition 4.4. Let B = z0 z1 · · · zn−1 be a standard representative of a band of type 0 as in
Definition 3.12. Then B has property (++) from Lemma 3.14 if and only if there exist a positive
integer ℓ and a choice of (ℓ−1)-tuples (i1, . . . , iℓ−1) and (a1, . . . , aℓ−1) as in Definition 4.1(vi) such
that
(4.4) B ∼r,(0) x
(ℓ) or B ∼r,(0) y
(ℓ).
Moreover, if B has property (++), then B allows exactly one wrap-around, as defined in Definition
3.12(iv).
Proof. Let ℓ be a positive integer, let (i1, . . . , iℓ−1) and (a1, . . . , aℓ−1) be (ℓ−1)-tuples as in Definition
4.1(vi), and let B be a standard representative of a band of type 0 on level ℓ relative to these (ℓ−1)-
tuples. As stated in Remark 4.2(ii), B is then also a standard representative of a band of type 0
on level j for all 1 ≤ j ≤ ℓ relative to the (j − 1)-tuples (i1, . . . , ij−1) and (a1, . . . , aj−1). Let
j ∈ {1, . . . , ℓ}. Then B = z
(j)
0 · · · z
(j)
nj−1
, where z
(j)
i ∈ {x
(j), y(j)} for all i ∈ {0, . . . , nj − 1}. For
1 ≤ j < ℓ, define c(j), d(j) ∈ {x(j), y(j)} such that x(j+1) = (c(j))ajd(j) and y(j+1) = (c(j))aj+1d(j).
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For 1 ≤ j ≤ ℓ, consider the following property:
(++)j If there are rotated subpatterns U, V of B on level j such that B ∼r,(0,j) c
(j) U c(j) V , then
for all rotated subpatterns W of B on level j, we have B 6∼r,(0,j) d
(j) U d(j)W .
Claim 1. Let B be a standard representative of a band of type 0 on level ℓ as in the first paragraph
of the proof. Then B has property (++) from Lemma 3.14 if and only if B has property (++)ℓ.
Proof of Claim 1. Note that (++)1 is the same as (++). Moreover, B does not have property
(++)j for some 1 ≤ j ≤ ℓ if and only if there exist rotated subpatterns U, V,W of B on level j such
that
(††)j B ∼r,(0,j) c
(j) U c(j) V and B ∼r,(0,j) d
(j) U d(j)W .
Suppose that B does not have property (++)j , i.e. B satisfies (††)j .
If j < ℓ, then B is also a standard representative of a band of type 0 on level (j +1). Therefore,
it follows that the rotated subpattern U in (††)j has the form U = (c
(j))ajd(j) U˜ (c(j))aj for some ro-
tated subpattern U˜ of B on level (j+1). Using that x(j+1) = (c(j))ajd(j) and y(j+1) = (c(j))aj+1d(j),
it follows that B satisfies (††)j+1 for appropriate rotated subpatterns of B on level (j + 1).
If j > 1, then B is also a standard representative of a band of type 0 on level (j − 1). We have
c(j) = (c(j−1))ξd(j−1) and d(j) = (c(j−1))ζd(j−1), where {ξ, ζ} = {aj−1, aj−1 + 1}. Using this to
rewrite (††)j on level (j − 1), it follows that B satisfies (††)j−1 for appropriate rotated subpatterns
of B on level (j − 1). Therefore, Claim 1 follows by induction.
Let B be a standard representative of a band of type 0 on level ℓ having one of the forms in
(4.4). Then B obviously has property (++)ℓ. By Claim 1, it follows that B has property (++).
Conversely, suppose that B = z0 z1 · · · zn−1 is a standard representative of a band of type 0, i.e.
B is a standard representative of a band of type 0 on level 1, and suppose B has property (++).
Then B = x(1), or B = y(1), or
B ∼r,(0) (x
(1))s1(y(1))t1 · · · (x(1))sm(y(1))tm
for some positive integers m, s1, . . . , sm and t1, . . . , tm. Since B has property (++), it cannot
contain both rotated subpatterns x(1) x(1) and y(1) y(1). Therefore, sj = 1 for all 1 ≤ j ≤ m or
tj = 1 for all 1 ≤ j ≤ m. Let (c
(1), d(1)) = (x(1), y(1)) and ej = sj for 1 ≤ j ≤ m if tj = 1 for all j,
and let (c(1), d(1)) = (y(1), x(1)) and ej = tj for 1 ≤ j ≤ m if sj = 1 for all j. Then
(4.5) B ∼r,(0) (c
(1))e1 d(1) · · · (c(1))em d(1)
for some positive integers m, e1, . . . , em. Let a1 be minimal among e1, . . . , em. Because B cannot
contain both rotated subpatterns c(1) (c(1))a1c(1) and d(1) (c(1))a1d(1) for any j ∈ {1, . . . ,m}, it
follows that ej ≤ a1 + 1 for all 1 ≤ j ≤ m. Thus ej ∈ {a1, a1 + 1} for all 1 ≤ j ≤ m, and we obtain
that
B ∼r,(0) υ0 υ1 · · · υn2−1
where n2 = m ≥ 1 and υi ∈ {(c
(1))a1 d(1), (c(1))a1+1 d(1)} for all i ∈ {0, . . . , n2 − 1}. Letting i1 = 0
(resp. i1 = 1) if c
(1) = x (resp. c(1) = y), we obtain
(4.6) B ∼r,(0) z
(2)
0 z
(2)
1 · · · z
(2)
n2−1
where n2 ≥ 1 and z
(2)
i ∈ {x
(2), y(2)} for all i ∈ {0, . . . , n2 − 1}. Since B satisfies (++), it follows
that z
(2)
0 z
(2)
1 · · · z
(2)
n2−1
satisfies (++)2 by Claim 1. We obtain that B ∼r,(0) x
(2), or B ∼r,(0) y
(2), or
B ∼r,(0) (x
(2))u1(y(2))v1 · · · (x(2))uw (y(2))vw
for some positive integers w, u1, . . . , uw and v1, . . . , vw. Using induction, it follows that there exist
a positive integer ℓ and a choice of (ℓ − 1)-tuples (i1, . . . , iℓ−1) and (a1, . . . , aℓ−1) as in Definition
4.1(vi) such that B has one of the forms in (4.4).
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It remains to show that if B is a standard representative of a band of type 0 satisfying condition
(++), then B allows exactly one wrap-around. By what we have just proved, we can assume that
ρ
(0)
u (B) = x(ℓ) or ρ
(0)
u (B) = y(ℓ) for some 0 ≤ u ≤ n − 1. Hence ρ
(0)
u (B) allows exactly one wrap-
around on level ℓ. We can rewrite ρ
(0)
u (B) as a standard representative of a band of type 0 on
level j for all 1 ≤ j ≤ ℓ. Let 1 < j ≤ ℓ, and assume by induction that ρ
(0)
u (B) allows exactly one
wrap-around on level j. Using the notation from the first paragraph of the proof, it follows that
(4.7) ρ(0)u (B) = z
(j)
0 z
(j)
1 · · · z
(j)
nj−1
where nj ≥ 1 and z
(j)
i ∈ {x
(j), y(j)} for all i ∈ {0, . . . , nj − 1}. Moreover, x
(j) = (c(j−1))aj−1d(j−1)
and y(j) = (c(j−1))aj−1+1d(j−1). Therefore,
ρ(0)u (B) = (c
(j−1))u0d(j−1) (c(j−1))u1d(j−1) · · · (c(j−1))unj−1d(j−1)(4.8)
= z
(j−1)
0 z
(j−1)
1 · · · z
(j−1)
nj−1−1
where u0, . . . , unj−1 ∈ {aj−1, aj−1+1} and nj−1 = (u0+1)+· · ·+(unj−1+1) = u0+· · ·+unj−1+nj.
Assume that the unique wrap-around of ρ
(0)
u (B) on level j is at w, so z
(j)
t = z
(j)
w−t for all t, where
the indices are taken modulo nj. Let w˜ = (u0+1)+ · · ·+(uw−1+1)+uw− 1. Then ρ
(0)
u (B) allows
a wrap-around on level (j − 1) at w˜. On the other hand, if ρ
(0)
u (B) allows a wrap-around on level
(j − 1) at v, then (4.8) shows that v must be of the form v = (u0 + 1) + · · ·+ (uv˜−1 + 1) + uv˜ − 1
for some v˜ ∈ {0, . . . , nj − 1}. Hence this implies that ut = uv˜−t for all t, and thus z
(j)
t = z
(j)
v˜−t for
all t, where the indices are taken modulo nj . Therefore, the uniqueness of the wrap-around on level
j leads to the uniqueness of the wrap-around on level (j − 1). Using induction, this completes the
proof of Proposition 4.4. 
5. Appendix: The representation theory of Λ0
As in §3, let k be an algebraically closed field of arbitrary characteristic and let Λ0 be the
basic k-algebra Λ0 = kQ/I where Q and I are as in Figure 1. In this appendix, we describe the
representation theory of Λ0. Since Λ0 is a special biserial algebra, we can use the results from
[7, 15]. It follows from [7] that all indecomposable non-projective Λ0-modules are either string or
band modules.
5.1. String and band modules for Λ0. For each arrow α, λ, ξ, δ, ρ, β in Q, we define a for-
mal inverse α−1, λ−1, ξ−1, δ−1, ρ−1, β−1, respectively, with starting vertices s(α−1) = 0 = s(λ−1),
s(ρ−1) = 1 = s(β−1) and s(ξ−1) = 2 = s(δ−1) and end vertices e(α−1) = 0 = e(β−1), e(ρ−1) = 1 =
e(δ−1) and e(ξ−1) = 2 = e(λ−1). A word w is a sequence w1 · · ·wn, where wi is either an arrow or a
formal inverse such that s(wi) = e(wi+1) for 1 ≤ i ≤ n− 1. Define s(w) = s(wn), e(w) = e(w1) and
w−1 = w−1n · · ·w
−1
1 . There are also empty words 10, 11 and 12 of length 0 with e(1u) = u = s(1u)
and (1u)
−1 = 1u for u ∈ {0, 1, 2}. Denote the set of all words by W , and the set of all non-empty
words w with e(w) = s(w) by Wr. Let J = {α
2, ρ2, ξ2, αλ, λξ, ξδ, δρ, ρβ, βα, λδβ, βλδ, δβλ}.
Definition 5.1. Let ∼s be the equivalence relation on W with w ∼s w
′ if and only if w = w′
or w−1 = w′. Then strings are representatives w ∈ W of the equivalence classes under ∼s with
the following property: Either w = 1u for u ∈ {0, 1, 2}, or w = w1 · · ·wn where wi 6= w
−1
i+1 for
1 ≤ i ≤ n− 1 and no subword of w or its formal inverse belongs to J .
Let C = w1 · · ·wn be a string of length n. Then there exists an indecomposable Λ0-module
M(C), called the string module corresponding to the string C, which can be described as follows.
There is an ordered k-basis {z0, z1, . . . , zn} of M(C) such that the action of Λ0 on M(C) is given
by the following representation ϕC : Λ0 → Mat(n+ 1, k). Let v(i) = e(wi+1) for 0 ≤ i ≤ n− 1 and
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v(n) = s(wn). Then for each vertex u ∈ {0, 1, 2} and for each arrow ζ ∈ {α, λ, ξ, δ, ρ, β} in Q
ϕC(u)(zi) =
{
zi , if v(i) = u
0 , else
}
and ϕC(ζ)(zi) =


zi−1 , if wi = ζ
zi+1 , if wi+1 = ζ
−1
0 , else

 .
We call ϕC the canonical representation and {z0, z1, . . . , zn} a canonical k-basis for M(C) relative
to the representative C. Note that M(C) ∼= M(C−1).
The string modules for the empty words are isomorphic to the simple Λ0-modules, namely
M(10) ∼= S0, M(11) ∼= S1 and M(12) ∼= S2.
Definition 5.2. Let w = w1 · · ·wn ∈ Wr. Then, for 0 ≤ i ≤ n − 1, the i-th rotation of w is
defined to be the word ρi(w) = wi+1 · · ·wnw1 · · ·wi. Let ∼r be the equivalence relation on Wr
such that w ∼r w
′ if and only if w = ρi(w
′) for some i or w−1 = ρj(w
′) for some j. Then
bands are representatives w ∈ Wr of the equivalence classes under ∼r with the following property:
w = w1 · · ·wn, n ≥ 1, with wi 6= w
−1
i+1 and wn 6= w
−1
1 , such that w is not a power of a smaller word,
and, for all positive integers m, no subword of wm or its formal inverse belongs to J .
Let B = w1 · · ·wn be a band of length n. Then for each integer m > 0 and each µ ∈ k
∗ there
exists an indecomposable Λ0-module M(B, µ,m) which is called the band module corresponding to
the band B, µ and m, which can be described as follows. There is an ordered k-basis
{z0,1, z0,2, . . . , z0,m, z1,1, . . . , z1,m, . . . , zn−1,1, . . . , zn−1,m}
of M(B, µ,m) such that the action of Λ0 on M(B, µ,m) is given by the following representation
ϕB,µ,m : Λ0 → Mat(n ·m, k). Let v(i) = e(wi+1) for 0 ≤ i ≤ n−1. Then for each vertex u ∈ {0, 1, 2}
and for each arrow ζ ∈ {α, λ, ξ, δ, ρ, β} in Q, we have
ϕB,µ,m(u)(zi,j) =
{
zi,j , if v(i) = u
0 , else
}
and
ϕB,µ,m(ζ)(zi,j) =


µ z0,j + z0,j+1 , if wi = ζ and i = 1
zi−1,j , if wi = ζ and i 6= 1
µ−1z1,j + z1,j+1 , if wi+1 = ζ
−1 and i = 0
zi+1,j , if wi+1 = ζ
−1 and i 6= 0
0 , else


for all 0 ≤ i ≤ n − 1, 1 ≤ j ≤ m, where z0,m+1 = 0 = z1,m+1 and zn,j = z0,j for all j. We call
ϕB,µ,m the canonical representation and {z0,1, z0,2, . . . , z0,m, z1,1, . . . , z1,m, . . . , zn−1,1, . . . , zn−1,m}
a canonical k-basis for M(B, µ,m) relative to the representative B. Note that we have for all
0 ≤ i, j ≤ n− 1,
M(B, µ,m) ∼=M(ρi(B), µ,m) ∼=M(ρj(B)
−1, µ−1,m).
5.2. The stable Auslander-Reiten quiver of Λ0. Each component of the stable Auslander-
Reiten quiver of Λ0 consists either entirely of string modules or entirely of band modules. The
band modules all lie in 1-tubes. The components consisting of string modules are two 3-tubes and
infinitely many non-periodic components of type ZA∞∞.
The irreducible morphisms between string modules can be described using hooks and cohooks.
For our algebra Λ0, these are defined as follows. Let M be the set of maximal directed strings, i.e.
M = {α, ρ, ξ, λδ, δβ, βλ}.
Definition 5.3. Let S be a string. We say that S starts on a peak (resp. starts in a deep) if
S = S′C (resp. S = S′C−1) for some string C in M. Dually, we say that S ends on a peak (resp.
ends in a deep) if S = D−1S′′ (resp. S = DS′′) for some string D in M.
If S does not start on a peak (resp. does not start in a deep), there is a unique arrow ζ and a
unique M ∈ M such that Sh = SζM
−1 (resp. Sc = Sζ
−1M) is a string. We say Sh (resp. Sc) is
obtained from S by adding a hook (resp. a cohook) on the right side.
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Dually, if S does not end on a peak (resp. does not end in a deep), there is a unique arrow ξ and
a unique N ∈ M such that hS = Nξ
−1S (resp. cS = N
−1ξS) is a string. We say hS (resp. cS) is
obtained from S by adding a hook (resp. a cohook) on the left side.
All irreducible morphisms between string modules are either canonical injectionsM(S)→M(Sh),
M(S)→M(hS), or canonical projections M(Sc)→M(S), M(cS)→M(S).
In particular, since none of the projective Λ0-modules is uniserial, we get the following result.
Suppose M(S) is a string module of minimal length such that M(S) belongs to a component of the
stable Auslander-Reiten quiver of Λ0 of type ZA
∞
∞. Then near M(S) the stable Auslander-Reiten
component looks as in Figure 2.
Figure 2. The stable Auslander-Reiten component near M(S).
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5.3. Homomorphisms between string and band modules for Λ0. In [15], all homomorphisms
between string and band modules have been determined. The following remark describes the ho-
momorphisms between string modules using the canonical bases defined in Definition 5.1.
Remark 5.4. Let M(S) (resp. M(T )) be a string module for Λ0 with a canonical k-basis {xu}
m
u=0
(resp. {yv}
n
v=0) relative to the representative S (resp. T ). Suppose C is a string such that
(i) S ∼s S
′CS′′ with (S′ of length 0 or S′ = Sˆ′ξ1) and (S
′′ of length 0 or S′′ = ξ−12 Sˆ
′′), where
S′, Sˆ′, S′′, Sˆ′′ are strings and ξ1, ξ2 are arrows in Q; and
(ii) T ∼s T
′CT ′′ with (T ′ of length 0 or T ′ = Tˆ ′ζ−11 ) and (T
′′ of length 0 or T ′′ = ζ2Tˆ
′′), where
T ′, Tˆ ′, T ′′, Tˆ ′′ are strings and ζ1, ζ2 are arrows in Q.
Then by [15] there exists a non-zero Λ0-module homomorphism σC : M(S)→M(T ) which factors
throughM(C) and which sends each element of {xu}
m
u=0 either to zero or to an element of {yv}
n
v=0,
according to the relative position of C in S and T , respectively. If e.g. S = s1s2 · · · sm, T =
t1t2 · · · tn, and C = si+1si+2 · · · si+ℓ = t
−1
j+ℓt
−1
j+ℓ−1 · · · t
−1
j+1, then
σC(xi+t) = yj+ℓ−t for 0 ≤ t ≤ ℓ, and σC(xu) = 0 for all other u.
We call σC a canonical homomorphism fromM(S) toM(T ). Note that there may be several choices
for S′, S′′ (resp. T ′, T ′′) in (i) (resp. (ii)). In other words, there may be several k-linearly indepen-
dent canonical homomorphisms factoring throughM(C). By [15], every Λ0-module homomorphism
σ : M(S) → M(T ) can be written as a unique k-linear combination of canonical homomorphisms
which factor through string modules corresponding to strings C satisfying (i) and (ii).
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It follows from [15] that if B is a band, µ ∈ k∗ and n ≥ 2 is an integer, then EndΛ0(M(B, µ, n))
has k-dimension at least 2. The following remark describes the homomorphisms between band
modules of the form M(B, µ, 1) using the canonical bases defined in Definition 5.2.
Remark 5.5. Let B, B˜ be bands and let µ, µ˜ ∈ k∗. Let MB,µ = M(B, µ, 1) (resp. MB˜,µ˜ =
M(B˜, µ˜, 1)) with a canonical k-basis {zu,1}0≤u≤m−1 (resp. {z˜v,1}0≤v≤n−1) relative to the represen-
tative B (resp. B˜). Suppose S is a string such that
(i) B ∼r ST1 with T1 = ξ
−1
1 T
′
1ξ2, where T1, T
′
1 are strings and ξ1, ξ2 are arrows in Q; and
(ii) B˜ ∼r ST2 with T2 = ζ1T
′
2ζ
−1
2 , where T2, T
′
2 are strings and ζ1, ζ2 are arrows in Q.
Then by [15] there exists a non-zero Λ0-module homomorphism τS : MB,µ → MB˜,µ˜ which factors
through M(S) and which sends each element of {zu,1}0≤u≤m−1 either to zero or to an element
of {z˜v,1}0≤v≤n−1, according to the relative position of S in B and B˜, respectively. Suppose e.g.
B = w1 · · ·wm, B˜ = w˜1 · · · w˜n and S = wi+1wi+2 · · ·wi+ℓ = w˜
−1
j+ℓw˜
−1
j+ℓ−1 · · · w˜
−1
j+1, where wi = ξ2,
wi+ℓ+1 = ξ
−1
1 , w˜
−1
j = ζ1, w˜
−1
j+ℓ+1 = ζ
−1
2 . Then
τS(zi+t,1) = z˜j+ℓ−t,1 for 0 ≤ t ≤ ℓ, and τS(zu,1) = 0 for all other u.
We call τC a canonical homomorphism from MB,µ to MB˜,µ˜ of string type S. Note that there may
be several choices for T1 (resp. T2) in (i) (resp. (ii)). In other words, there may be several k-
linearly independent canonical homomorphisms of string type S. By [15], ifMB,µ andMB˜,µ˜ are not
isomorphic, then every Λ0-module homomorphism τ : MB,µ → MB˜,µ˜ can be written as a unique
k-linear combination of canonical homomorphisms of string type S for suitable choices of strings
S satisfying (i) and (ii). If B = B˜ and µ = µ˜, then every Λ0-module endomorphism of MB,µ
can be written as a unique k-linear combination of the identity homomorphism and of canonical
endomorphisms of string type S for suitable choices of strings S satisfying (i) and (ii).
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